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Dedication

Michael John Arcidiacono
1941-1995

Opening Eyes to Mathematics is dedicated to Michael
John Arcidiacono, a dear friend and inspiring
teacher. His knowledge and style opened the eyes
of all he touched to the joy of learning. Though
he will be dearly missed, his work will live on as
it enriches the lives of children and teachers,
today and tomorrow.

This book is also dedicated to children—from
whom we continue to learn—and to teachers —
our source of hope for tomorrow.
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Vision

This program is dedicated to “opening the eyes” of children to the
beauty and excitement of mathematics. We want them to discover
mathematical concepts and relationships and learn to picture these
concepts in their minds. We also hope they will recognize the
connections that exist between mathematics and their world.

Our experience has convinced us that children can learn mathemat-
ics in a meaningful, enjoyable way and become confident in analyz-
ing and solving problems. This happens when they can explore the
subject through their own eyes, use models and manipulatives to
developmathematical understandings and try out various approaches
when solving a problem. In addition, it is important that they share
solutions and explain their thinking, and that they know their ideas
will be valued.

Opening Eyes to Mathematics incorporates this approach to teaching
mathematics. The curriculum it describes is consistent with the
National Council of Teachers of Mathematics Curriculum and Evalua-
tion Standards for School Mathematics. The lessons are based on experi-
ences familiar to children and are set in a problem-solving context. In
these lessons, children are actively involved in the learning process.
They are invited to take risks, to trust their own instincts and
reasoning, to develop mental images for thinking about mathematics,
and to communicate with one another. Instead of associating math-
ematics with formulas that are to be memorized and applied in a
meaningless manner, they will find mathematics a lively, accessible
and creative activity.

The NCTM Standards contain recommendations for change in the
mathematics education of children. They emphasize problem solv-
ing, communication, making connections and using technology. In
grades K—4, they recommend that instruction in mathematics focus
on concepts, involve children in doing mathematics, and include
explorations of content areas such as geometry and probability. They
also call for increased attention to items like number and operation
sense, use of manipulatives and calculators, writing about mathemat-
ics and justifying thinking. Less emphasis is placed on complex paper-
and-pencil computation, rote memorization of rules and teacher-
directed instruction. Opening Eyes to Mathematics shows how to
implement these recommendations in your classroom.

This program has been developed with the hope of adding to your
excitement about teaching mathematics. As teachers we have seen
how enthusiastic children can be as they grow mathematically. We
have become partners with our students, learning more about math-
ematics and finding more enjoyment in it. By sharing the ideas and
strategies that have worked well for us, we hope to stimulate new,
innovative dimensions in mathematics for you and your children.

®e
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Organization

In Opening Eyes to Mathematics, children use mod-
els, manipulatives and visual thinking to:

e Explore mathematics through their own eyes,

» Develop mathematical understandings,

¢ Construct mathematical relationships,

* Participate in mathematical discussions,

» Solve problems.

This program contains a complete curriculum
that is consistent with the National Council of
Teachers of Mathematics Curriculum and Evalua-
tion Standards for School Mathematics.

Opening Eyes to Mathematics consists of three
types of lessons:

e Calendar Extravaganza

* Insight Lessons

» Contact Lessons.

To assist you in teaching these, we have orga-
nized the materials for this program into four
parts.

1. Teaching Reference Manual

The Teaching Reference Manual describes the phi-
losophy of teaching and learning that embodies
Opening Eyes to Mathematics. It contains chapters
that discuss the mathematical content, instruc-
tional goals and pedagogy related to the lessons of
the program. These chapters also include sample
lessons and dialogues that illustrate concept de-
velopment, use of materials and ways that chil-
dren might investigate and discuss mathematics.

The Reference Manual is bound separately to
serve as a professional reference, answering those
often asked “what, why, how, and when” ques-
tions. It contains a complete Materials Guide that
lists needed materials and suggestions for pur-
chasing, making and storing them.

The Calendar Extravaganza is also part of the
Reference Manual. It consists of 20-30 minute

explorations of several mathematics concepts.
These explorations are related to each day’s date
and often connect mathematics to other subject
areas. We urge you to use teacher choice in deter-
mining which components to emphasize each
month. In that way you will create an Extrava-
ganza that best meets the needs of your children.
We are confident that you and your children will
enjoy these daily activities.

2. Insight Lessons

Insight lessons (bound in two volumes with the
Contact lessons) provide daily experiences with
numeration topics and help children strengthen
their sense of numbers. During Insight lessons,
children learn about place value, decimals, addi-
tion, subtraction, multiplication, and division.
They also develop their ability to make reasonable
estimates, choose appropriate calculatingoptions,
and solve problems.

To assist you with planning, we have sequenced
the Insight lessons and suggest the range of days it
might take to complete each one. Youmay change
or even skip some lessons; others you might de-
cide to extend.

The Insight lessons are intended to be a road
map that provides general directions for your
children’s journey through their study of numera-
tion. We urge you to trust your professional judge-
ment and intuition, adjusting the path of this
journey so that it is appropriate for your children,
taking detours or expressways as needed.

3. Contact Lessons

Contact lessons make contact with fractions, mea-
surement, geometry, probability, data analysis
and additional numeration activities. Many of
these lessons are set in the context of monthly

ix
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Organization

themes (such as football, apples and stamps) that
link mathematics to the world of children.

Contact lessons are organized in a spiraling
fashion so that, as children mature and grow in
confidence, they explore conceptsagain and again
throughout the year. There are 185 lessons that
can typically be conducted in thirty minutes. As
with Insight lessons, however, we encourage you
to exercise teacher choice when using them. You
may wish to conduct them as written or alter (or
even replace) them to suit the needs and interests
of your children.

Most Insight and Contact lessons are written in
a brief style. Where appropriate, they contain
examples, discussion topics and possibleresponses
from children. They also include suggestions for
homework, assessment and journal writing. As
you prepare to teach the lessons, please refer to the
corresponding chapters in the Reference Manual
for general guidance.

In all three types of lessons, children use general
mathematical processes such as problem solving,

sorting, patterning and estimating in an ongoing
manner.

4, Blackline Masters

The blacklines are numbered for easy reference
and access; those needed for a lesson are listed.
Transparencies may be made from Blackline Mas-
ters or purchased ready-made.

In the Insight and Contact lesson guides, we
make suggestions for fitting the lessons of this
program into your daily schedule. In general, we
recommend that each day include a Calendar
activity, thirty minutes on an Contact lesson, and
thirty minutes on a Insight lesson. Since neither
lesson is directly dependent upon the other, the
Insight lesson does not need to immediately fol-
low the Contact lesson in the daily schedule.

Our aim as we organized Opening Eyes to Math-
ematics was to provide meaningful sequencing in
an easy-to-use format. We hope you will experi-
ence many happy days ahead!
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In many classrooms, learning is conceived of as a process in
which students passively absorb information, storing it in easily
retrievable fragments as a result of repeated practice and rein-
forcement. Research findings from psychology indicate that
learning does not occur by passive absorption alone (Resnick,
1987). Furthermore, ideas are not isolated in memory but are
organized and associated with the natural language that one
uses and the situations one has encountered in the past. This
constructive, active view of the learning process must be re-
flected in the way much of mathematics is taught. NCTM’s Curricu-

lum and Evaluation Standards for School Mathematics, p. 10.

0pening Eyes to Mathematics implements a con-
structive, active learning process for young chil-
dren. By following this program, you will help
your children develop a strong sense of number
and number operations. Important branches of
mathematics, such as geometry, probability, mea-
surement and statistics, areincluded. Young people
have an avid interest in exploring and applying
these topics. In doing this, they also discover how
mathematics is related to many other fields.

This program goes beyond presenting a set of
daily lessons or a collection of teaching strategies.
It embodies a philosophy of teaching and learning
that recognizes mathematics as an enjoyable hu-
man endeavor and that emphasizes visual think-
ing as a means for understanding concepts. Let’s
look more deeply into this philosophy and how to
make it work in your classroom.

A problem-solving approach

How do people develop interest in and become
skillful at hobbies or pastimes in a way that the
activities can become truly enjoyable? Whether
one develops an interest in pastimes such as golf,
racquetball, piano playing, bridge or reading, one
initially pursues it by learning and adding skills as

they go along. In fact, if people waited until they
mastered the fundamentals needed to be skillful at
a game like golf before actually playing a round,
most would never play at all. And one often jumps
into a new activity without first learning all its
rules. Can you imagine someone trying to learn
bridge by memorizing a manual of bidding and
playing conventions before actually playing a
hand? Most likely, the person would not only fail
to learn the game, but also quickly lose interest.

Applying this viewpoint to learning mathemat-
ics suggests a learn-by-doing, problem-solving ap-
proach. Children actively explore situations that
develop mathematical insights, even before they
have the skills needed to analyze those situations
in traditional ways. Building on familiar experi-
ences, they begin to construct and explain their
mathematical understandings using their own
words as encouraged by the NCTM's curriculum
standards.

This problem-oriented context for learning
mathematics promotes mathematical thinking.
As children investigate problems, they gain expe-
rience with making and testing conjectures, decid-
ing if an answer or procedure makes sense and
justifying solutions. They hone their critical think-

1

OPENING EYES TO
MATHEMATICS



2

OPENING EYES TO
MATHEMATICS

Spirit

ing skills and become confident, independent
learners.

“A major goal of mathematics instruction is to help
children develop the belief that they have the power to
do mathematics and that they have control over their
own success or failure. This autonomy develops as
children gain confidence in their ability to reason and
justify their thinking. It grows as children learn that
mathematics is not simply memorizing rules and
procedures but that mathematics makes sense, is logical,
and is enjoyable.” NCTM’s Standards, p. 29.

Learning mathematics in this way, children
begin to see how mathematical ideas fit together
and can be applied in problem situations. They
start making connections between mathematics
and other subjects.

Visual thinking

Opening Eyes to Mathematics draws upon children’s
ability to think visually: to use models,
manipulatives and diagrams to analyze problems
and to form useful mental images of mathematical
concepts and processes. For example, by repre-
senting multiplication with a rectangular array of
square tile, the underlying structure is revealed.
After arranging tile in these rectangular arrays to
solve multiplication problems, children can later
“see” these arrays in their minds and use the
visualization to think through a new problem
situation.

| see 3 groups of 4 tile.
That makes 12 tile.

| also see 4 groups of

3So4x3=12

In a similar way, place value concepts and num-
ber operations can be effectively modeled with
base ten counting pieces.

How much is 37 + 26?7

oo
oo
I:ID E

37

|EEEEEEEEEN)
O |

o0oooo
O\0paono

o_
exchange
ten units
for a strip

oo combnne
EIEI the

26 O pieces

L iy L iy

CC L UL L LTl

0 I N [ O O O A

37 +26 =63

Visualizing mathematical ideas helps children
organize and retain information and provides
them with a powerful tool for solving problems.
Using this style of thinking, children will find a
variety of ways to solve problems and represent
concepts, ways that seem natural and sensible to
them. (See the following sample lessons.) They
eagerly share their thinking and discoveries. The
resulting discussions broaden the students’ view
of the problem situation and help them see vari-
ous strategies for solving it.

Classroom environment

The caring, loving atmosphere we all strive for in
our classroom underlies the spirit of this program.
By creating a child-centered environment that is
non-threatening, a place where it is safe to risk,
you will find your children more willingly and
confidently participating in activities. They will
share their ideas enthusiastically, knowing their
ideas will be accepted warmly. They will look
forward to each day’s lesson. Learning mathemat-
ics will be exciting and fun.

Such a happy, nurturing environment encour-
ages children to respect and appreciate one an-
other. Many lessonsin this program have children
work together in groups. Ideally, each child will be
a contributing member of the group, seeking help
or offering assistance as needed. Decisions about
problems and solutions are made cooperatively
and ideas are shared in a positive manner.

Encourage your children to express their feel-
ings about classroom mathematical activities and
about their own work. As the teacher, you can
acknowledge these feelings without passing judg-
ment. As children find that you value their ideas
and as they successfully work through problems,
they more willingly try new approaches. They
begin tosee that mathematics can be user-friendly.
Writing regularly in a journal enables children to
reflect on their own learning process. Children
will become clearer about how they learn, what
most often causes them difficulties, what emo-
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tions and feelings come forward, and how insights
into a problem may suddenly pop into their heads.
“Students will perform better and learn more in a
caring environment in which they feel free to explore
mathematical ideas, ask questions, discuss their ideas,
and make mistakes. By listening to students’ideas and
encouraging them to listen to one another, one can
establish an atmosphere of mutual respect. Teachers
can foster this willingness to share by helping students
explore a variety of ideas in reaching solutions and
verifying their own thinking. This approach instills in
students an understanding of the value of independent
learning and judgment and discourages them from
relying on an outside authority to tell them whether
they are right or wrong.” NCTM'’s Standards, p. 69.

The role of the teacher

Your rolein this programiscritical as you facilitate
the learning process in a number of specific ways.
The following sample lessons illustrate several
instructional practices we find effective. As you
read, note the use of manipulatives, the interac-
tions among children, the questioning strategies
of the teacher, the different ways that children
look at the mathematics, and the children’s pre-
sentations at the overhead.

SAMPLE LESSON 1

(In this lesson, children use square tile to form
rectangular arrays. These arrays are useful for
modeling multiplication and division concepts.)

TEACHER Larry’s display shows 3 cars, each with 4
tires. I'd like you to represent these sets of tires with
your tile. Imagine that each tile represents 1 tire.
How many tires are there altogether?

TEACHER (After a short time has elapsed.) Would
someone like to show their model at the overhead?

1sIAH (He comes to the overhead.) Sure! I see 3 groups
of tile with 4 in each. Each tile represents a tire.
There is a group for each car. There are 12 tires
altogether.

TEACHER Thank you, Isiah. Does anyone have another
arrangement to share at the overhead?

MONICA [ saw the same groups but I arranged them
differently.

I also see 4 groups of 3 in this arrangement—that’s
still 12 tires.

ISIAH Mine and Monica’s are alike—turn mine and you
have hers!

JosH I have another way. I placed the tile like this. I
thought of the tires like they are on a car. See these
are the front tires and these are the back ones.

front
tires

back
tires

I still see 3 fours or 12 tires altogether.

TEACHER That’s nice, Josh. Now, I’'m going to build
Isiah’s way again at the overhead and would like you
to do the same at your desks. Look at what happens
when we move the tile together like this.

MORRIS We get a rectangular array. It looks like one
that was made when we counted by fours.

TEACHER Yes. It’s also like the ones made in Today’s
Array. Can you still see the 3 groups of 4?

ALICE Yes! And if I turn my head sideways, I see 4
groups of 3 as well. Its area is 12 square units.

NATALIE (She uses linear units to show the dimensions.)
The dimensions are 3 and 4. It’s a 3 by 4 array.

3
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I guess this could be called a 1 by 12 array! That’s
like laying all the tires out in a line.

I The children discuss further Judy’s array and
I then model other multiplication and division
l stories with their tile.

SAMPLE LESSON 2

TEACHER We can also call it a 4 by 3 array. (Children work together to solve a multiplication

JOsH Look, you can make a rectangular array out of my ~ problem. Strategies for estimating and then deter-
way, too! (He lays out his model again at the mining the answer are discussed.)
overhead.) I can push the tiles into a rectangle like

thi TEACHER Our grade is going to have to raise enough
is.

money to go on a field trip at the end of the year. It’s
going to cost each child $3 dollars and there are 54

D D D D D D children. About how much money will we need to
D I:l D D I:I I—_‘I > collect?

The children work in groups for a short time.

I ______ | A I —————— I TEACHER Could we please have some group reports?
| | > \% | | GROUP 1 We decided that more than $150 are needed.

There are about 50 children. Instead of paying the
$3 all at once, each child could pay $§1 at a time.
Every time they do this, it gives $50 They’d do this
three times. That gives 50 + 50 + 50 = 150.

TEACHER Yes, you have just made a 2 by 6 rectangular
array with your 12 tile. What can be seen in Josh’s
array?

GROUP 2 We thought of a 3 by 50 rectangle. There will
be 3 groups of 5 strips. That’s 3 times 5 or 15 strips.
Each strip is like $10. Ten of them will be $100. Add

josH Well, I think of the top row as the 6 front tires and
the bottom as the 6 back ones. I see 2 rows with 6 in

each.
in the other 5 tens and there will be $150. This will
ANDY Turn Josh’s array like Monica did earlier. (He  not be enough money since there are 54 children, but
does so at the overhead.) Now I see 6 groups of 2. it will be close!
< I 50 >
3 P e EEEmEmm I:::::::::i

There are 15 strips."ll'env fepresenf .$.1 00 and
the other five $50. That's $150 altogether.

100
50

I guess that’s like pairing a front and a back tire

together in each group. GROUP 3 We estimated that about $200 would be
collected. There are about 50 kids and if each pays
about §4, that would give $200. We chose 4 because
we could imagine 4 x 50 or 20 strips in a rectangle.
Ten strips make 100, so 20 of them will make 200.

0000 0000 0000 L “ S

Then I pushed them together and I got a long, thin o nanaan s san daasma s seansand ehnanaas i
rectangle. 20 strips or $200 in all

JubY Hey! I made another one! May I show? (She comes
to the overhead.) I arranged my tile like this at first.
I'thought of each of these groups as a car with 4 tires.

(TTTTTTTTTTT] We aren’t sure if that is more or less money than is
needed. We used fewer kids but a larger price!

____________ TEACHER These are all interesting methods. Would we

M | need to know exactly how much money is to be
4 < 12 > collected?
OPENING EYES TO JUANITA Well, I think so. That way you’d be sure each

MATHEMATICS
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person will be able to go.

MYRNA Couldn’t you just check each person’s name off
as they paid? That way, you’d know that everyone’s
paid, but you wouldn’t need to count all the money.

LING ] think the people who are getting the money
would want to know the exact amount. That way
they’d be sure they got the right amount.

TEACHER What is the exact amount? See if you can find
some ways to calculate it.

Thelesson continues with the teacher encourag-
ing the children to find as many ways as they can
for answering the question. As time permits, these
ways are shared and the exact answer is compared
with the previous estimates. Some possible meth-
ods:

""""""""" 50 E 12
54
x 3 ‘
150
+ 12
162
10 10 10 10 10 4
3EE 30 30 30 30 305H 12)
54
x 3
30 54
30 x3
30 100
30 50
30 8
+ 12 + 4
162 162
- 50 > 4
R

In these lessons, the teacher

e engaged children in the use of models and
manipulatives to represent and think about
mathematics concepts and procedures.

» used questioning strategies designed to elicit
children’s thinking and perceptions about
mathematics. Some of the questions that
might be used for this purpose are: What do
you see? How does that work? Why is this so?
Can you prove your observation? When have
you seen this before? Where else might you
observe this in our world? Can you find an-
other way?

¢ used both small group and whole class activi-

ties.

e focused on the understanding of concepts.

¢ emphasized communication about mathemat-

ics.

¢ allowed children to make observations and

share, in their own words, the mathematical
principles involved.

¢ encouraged and acknowledged various views

of concepts and procedures. Seeing there are
many valid ways for thinking about math-
ematics, children can confidently use those
that make the most sense to them.

“A variety of instructional methods should be used
in classrooms in order to cultivate students’ abilities to
investigate, to make sense of , and to construct mean-
ings from new situations; to make and provide argu-
ments for conjectures; and to use a flexible set of
strategies to solve problems from both within and
outside mathematics. In addition to traditional teacher
demonstrations and teacher-led discussions, greater
opportunities should be provided for small-group work,
individual explorations, peer instructions, and whole-
class discussions in which the teacher serves as mod-
erator. These alternative methods of instruction will
require the teacher’s role to shift from dispensing
information to facilitating learning, from that of direc-
tor to that of catalyst and coach.” NCTM Standards,
pp. 125 and 128.

Teaching in this way is exciting! As your chil-
dren learn and enjoy mathematics, you will be
learning and enjoying it, too. Grow right along
with them! There may be times when you don't
know an answer or when children will share
unexpected views or procedures. These can be
opportunities to learn with your class, to take
some risks yourself, or to demonstrate that it is
okay to ask for help. Let children see that adults
don’t have all the answers and help them develop
a healthy view of learning as a lifelong process.

Presentations at the overhead and
making assessments

Show-and-tell demonstrations by children at the
overhead projector are an important part of this
program. This is an effective way for children to
share their thinking and to see a variety of ap-
proaches to a mathematical problem. Encourage
students in a friendly fashion to share their ideas
in this way. For children who are shy or reluctant,
ask if they will allow you to share their approaches
at the overhead. This lets them know you value
their work and their feelings.

These presentations also provide a basis for
assessing the children’s thinking. In general, we

5
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recommend that assessment be an ongoing part of
your instruction. For a detailed discussion of as-
sessment techniques, please refer to Chapter 12 in
this manual.

The role of the child

In Opening Eyes to Mathematics, children are en-
gaged much more actively than in traditional
programs. As illustrated in the sample lessons,
they work cooperatively to investigate and model
mathematical situations. At various times they are
involved in the following processes:

» Visualizing, sketching, representing, imaging;

¢ Discussing, writing, listening, explaining;
Analyzing, conjecturing, predicting;
Reflecting, constructing meanings, making
connections, inventing procedures;

e Generalizing, justifying, evaluating;

e Exploring possibilities, applying and extend-

ing knowledge.

As your children explore mathematics in this
way, they will develop greater understandings and
become more aware of the options they have for
solving problems. They will discover relationships
that help them think about mathematics in a
broad, meaningful way, rather than as a collection
of isolated skills.

Implementing the lessons

The lessons of this program are based on experi-
ences familiar to children and are generally set in
a problem-solving context. There are three types
of lessons:

¢ Calendar Extravaganza activities that use each

day’s date to motivate brief explorations of
mathematical concepts.

* Insight Lessons that focus on numeration

topics and on development of number sense.
In these lessons, children learn about place
value, decimals, addition, subtraction, multi-
plication and division.

¢ Contact Lessons that make contact with frac-

tions, measurement, geometry, probability,
data analysis and additional numeration ac-
tivities. Many of these lessons are set in the
context of monthly themes (such as football,
apples and stamps) that link mathematics to
the world of children.

In all three types of lessons, children use general
mathematical processes such as problem-solving,
sorting, patterning and estimating in an ongoing
manner.

These lessons are presented in a sequence that

has been successful for us. However, you can best
judge how to adapt them for your class. Some
lessons you may wish to change or even skip;
others you might want to extend or explore fur-
ther. We encourage you to adjust the pace and
nature of the lessons so they fit your class. Observ-
ing the work of your children, reading entries in
their math journals, and relying on your teaching
instincts can help here.

Thelessons are designed to meet the needs of all
children. They are based on the philosophy of
teaching and learning described in this chapter.
The general intent of each activity is described.
Where appropriate, discussion questions, points
to emphasize, possible student responses and sug-
gested extensions are included for your guidance.
You and your children are the ones who actually
create each lesson, however! The lessons’ flexibil-
ity and open-ended nature allow you to decide
what problems and examples to explore, how
much practice is needed, and how to organize the
lesson. We urge you to personalize each activity.

The mathematical content, instructional goals,
and pedagogy related to the lessons are described
in this reference manual. As you read and prepare
each lesson, please refer to the chapter(s) that
correspond toit. These chaptersalsoincludesample
lessons and dialogues that illustrate concept de-
velopment, use of materials and ways that chil-
dren might investigate and discuss mathematics.

In the classroom examples discussed in this
manual, the responses of children have been ide-
alized. This has been done to indicate the richness
ofideas that can be discussed and the various ways
children think about mathematics. Undoubtedly,
your children will come up with many interesting
thoughts of their own. Also, feel free to include
yourideas. If you wish to discuss a certain relation-
ship or point, which hasn’t been brought up by a
child, you might do so by saying, “Here’s another
thing that I noticed” or “Here’s another way of
looking at this problem.”

Conclusion

We are sure that you and your children will enjoy
exploring mathematics in this active, process-
oriented way. This is mathematics education for
the future. Our society is changing so rapidly that
children need to become independent thinkers to
meet the challenges of the years to come. They are
more likely to become such creative thinkers if
they learn mathematics in a meaningful way,
exploring many options for analyzing problems
and developing solutions.

6
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2 Sorting

The seeds of logical thinking are planted as students learn to
describe objects or processes accurately and to elaborate their
properties, similarities, differences and relationships. Students
should be encouraged to explain their thinking in their own
words. NCTM’s Curriculum and Evaluations Standards for School Mathematics,

pp. 81-82.

The stamps on the
right have all been
cancelled. The ones
on the left haven't

Some of my
rocks are
smooth and
flat. The
others are
sort of lumpy.

People regularly classify information and ob-
jects. At work, cashiers sort coins, workers in a
hardware store arrange nuts and bolts by size, and
scientists typically sort experimental data for the
purpose of forming hypotheses. In the home,
clothes are separated prior to washing, silverware
is grouped by type and addresses are filed alpha-
betically.

Sorting adds structure to a cluttered room, glove
compartment, daily routine or problem-solving
situation. Itis also a process that is used in various
disciplines of study, such as science, literature,
music and language.

These are dll
triangles. The others

Young children have had many experiences
with sorting objects both in school and out. For
example, some may have arranged baseball card
collections by teams or players. Others may have
organized their toys or books in ways that make
them easy to find. They have also learned about
numbers and shapes by classifying sets of objects.

These sets have two
objects. The others don't.

The sorting activities of this book add to these
experiences and foster mathematical thinking.
These activities strengthen children’s ability to
organize information, use logical reasoning, iden-
tify the attributes and properties of objects, and
look at problems from many perspectives.

7
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Description of the activities

Sorting is an underlying theme of mathematics
and in this program becomes an integral part of
many lessons. For example, when graphing infor-
mation, it often helps to sort the data first. Some-
times, sorting is the main objective of a Contact
lesson; two of which are described below. In the
first lesson, the children sort information they
have gathered while trying to deduce the contents
of a mystery box. In the second, they identify
sorting criteria that can be used to separate flags
into two sets. In the illustration below, the teacher
has drawn a tiger. With each question, one part of
the tiger is erased.

Contact Lesson 1:
Mystery Box Sorting

You will need

e Chapter 2, Sorting

* a mystery box that contains an apple

e chart paper

e markers

We like to introduce each Contact theme (ex-
ceptfor Getting to Know You) by placing an object
that represents the theme into a Mystery Box. The
children then ask yes-or-no questions about the
box’s contents. The information they obtain is
recorded on chart paper. Only a specified number
of questions are permitted on any one day; if the
quota isreached before the object is identified, the

children must wait until the next day to try again.
So, start this activity a few days before the other
lessons related to the theme are scheduled.

The mystery item this time is an apple. The
Apples theme begins with Lesson 11; we are sure it
will provide you and your children with many ap-
peel-ing mathematical experiences! After all, an
apple a day keeps the doctor away and is certainly
the way to a teacher’s heart. This theme opens the
hearts of children to alove of mathematics as well!

Let the questions begin! You might keep a tally
by drawing a 12-to-15-part design on theboard. As
each question is answered, erase one of the parts.
When all the parts are gone, the questioning stops
for the day.

Sometimeschildren find it hard to ask questions
about the attributes of the object. Instead they
may try to guess the contents directly by asking,
“Is it a picture?” “Is it a block?” They may require
examples of helpful questions, such as, “Is it
small?” or “Can it be found in school?” They may
also need to be reminded that even “No” answers
provide useful information.

One way to help children improve their ques-
tioning and reasoning skills is to periodically re-
view the clues that have been gathered. Then pose
new questions based on this review. Another way
is to lower the daily quota for questions to only 9
or 10. You might note which questions are guesses
of the contents and which refer to attributes of the
object.

o ) A
Yes No

edible orange

white candy




Teacher Tip: Dramatize the quest for the an-
swer with some theatrics. We pretend the box
contains the secret of the year and sing this ditty,
“I know something you don’t know, he-he-he-he-
ha-ha! I know what is in this box, he-he-he-he-ha-
ha! Bet you can’t guess it! He-he-he-he-ha-ha!” Of
course, the children are now determined to guess!

If the day’s quota of questions is exhausted, we
still keep the box and information chart on dis-
play throughout the day for reference purposes.
This, along with the children’s curiosity, will
prompt continued discussions both at school and
at home about what is in the box. (Sometimes,
when the questioning has gone on for anumber of
days, parents even catch us in the grocery store
and demand, “Just what is in that box?”) On the
next day, review the previous day’s questions and
draw a new figure to be erased bit by bit. Have fun!
Do it just before lunch or whenever an extra five
minutes appear in your schedule!

Continue as many days as needed. When the
box is finally opened, you will find exploring
mathematics with apples as easy as apple pie!

Contact Lesson 76
Flags Sorting (Venn diagrams)

You will need

» Chapter 2, Sorting

For every group of 4 children

s set of flags cut from Blacklines 71 and 72

° two loops of string

You may wish tobegin thislesson by examining
your state flag and discussing its history.

Give each group of four children a set of flags
and two loops of string. Challenge each group to
place its flags inside the loops in a way that
separates the flags into two different sets. Have
them give each set a title that describes how it was
formed.

| flags with stars| [Tlags without stars |

Have the groups share some of their sorting
procedures. Some may have selected ones that
require overlapping sets and these may need to be
discussed further.

Teacher Tips: Vary this lesson by specifying the
criteria for the children to use when sorting their
flags. For example, ask them to devise a way to
place the flags with stars in one loop and those
with stripes in the other. In this case, the students
will have to overlap the loops in order to represent
both sets.

Another variation is to graph information about
the flags. One possibility is to have each group
randomly select twenty flags and make a graph
that highlights some of their features. Each of the
flags is marked on the graph using its number.

stars (30|56 |4 |11|13170|14

circles | 2 |9 (171113 |10 |21

rect- |1o>5130l15(14|6 |3 |10
angles

other |21\ 9/ 8|2 |3 (30|15| 6

How many flags appeared in all 4 rows? In 3 of
the rows? Does any row have twice as many flags
as some other row? What fractional part of the 20
flags have rectangles? Isitlikely that all groups will
have the same graph?

Encourage children toincorporate fractionsinto
their sorting lessons when appropriate. After the
flags are sorted into groups, the fraction reflecting
that division can be written on a chalkboard
beside the flags.

In lessons like these, children learn to examine
a situation from many points of view. They also
learn to carefully examine and define the at-
tributes of the objects being sorted. Sometimes
they may use sorting criteria that cause disagree-
ment. This can happen if they attempt to use
attributes that are not clearly defined. “Pretty” is
an example of such an attribute, since what is
pretty to one child may not be pretty to another.

9
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“Big” is another example of an ambiguous at-
tribute that sometimes comes up when sorting
shapes. Itisimportant to discuss these should they
occur and to encourage children to be precise.

Other kinds of sorting lessons

You may wish to vary the nature of your sorting
lessons. Some variations were suggested in the
Teacher Tip of Contact Lesson 76 above. Here are
some additional activities that our children have
found interesting.

Conduct a sorting extravaganza during which
the children are challenged to sort materials from
a junk box in as many ways as they can in an
allotted period of time. This always proves to be an
activity that brings out their creativity.

Have a mystery sorting lesson! Give each group
of four children in your class a collection of objects
to be sorted. Have each group make a record of its
sorting strategy and leave the sorted objects at its

workstation for the others to see. Groups then
circulate and try to identify the strategy used at
each location. A lively discussion is sure to follow
when guesses and master plans are compared!
Sort the children themselves! Think of a way to
separate the class into two groups: brown eyes/not
brown; first names that end in Y/those that don’t,
etc. Then begin assigning each child, one ata time,
to the appropriate group and periodically give the
class a chance to identify your sorting criteria. We
like to do this in an entertaining manner using
Silent Sam, a “critter” that is posted on the chalk-
board as a signal that no one can speak. Then with
exaggerated clicks of our fingers and charade-like
mimes, we direct a few children to each group.
After a while we invite the children to point to
where they think a selected child should go. When
Silent Sam isremoved, the children can share their
observations and attempt to identify how the
groups have been formed. (For more on “Silent
Sam”, see Insight Lesson 1, Lessons, vol. I, p.117.)




3 Patterns

Patterns are everywhere. Children who are encouraged to look
for patterns and to express them mathematically begin to
understand how mathematics applies to the world in which they
live. NCTM’s Curriculum and Evaluation Standards for School Mathematics,

p. 60.

Many people enjoy mathematics because of
the patterns they find in it. For them, the richness
and beauty of the subject are reflected in the
regularities observed in numbers and shapes.
Mathematics becomes powerful for those who
make a habit of searching for underlying patterns.
We can help young people share in this appre-
ciation of mathematics and grow in their mastery
of the subject by designing classroom activities
that focus on patterns.

Patterns occur naturally in the everyday lives of
young children and make their world predictable.
They have many experiences with patterns both
in and out of school. These include tying shoes,
drinking through a straw, responding to a smile,
playing games, counting, and creating designs.

This program seeks to broaden these experi-
ences with pattern activities that help children
deepen their understanding of mathematical con-
cepts and relationships, become better problem
solvers and understand connections that exist

-among mathematical topics.

Extending patterns to
solve problems

For example, children might visualize the exten-
sion of a pattern to solve a problem.

has 4 more units

When you count
by 4s. beginning
“with 4, all the

numbers are

Each one ‘

than the one
before it.

TEACHER Look at the rows of toothpick squares that I
have glued to this chart.

I see a pattern in the rows and am picturing the
fourth row in my mind. What do you think the
fourth row looks like?

SUE I think the squares will continue in a line, so the
fourth row will have 4 squares that are joined
together. .

11
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The fifth row will have S squares.

junio I have another way. I am thinking that the next
square will be built below the middle square, so the
fourth row will look like this.

In the fifth row, 1 more square will be added on top
of the middle square.

TEACHER Those are both interesting arrangements.
Suppose we think about Sue’s way for the moment.
If she continues building rows, can anyone describe
what her tenth row will look like and tell how many
toothpicks she will need for it?

MEIKO Let’s see... I think she will still make the squares
go together in a line and there will be 10 of them. In
each row, I see 3 more toothpicks added on—the
fourth row has 13 toothpicks, so just start with 13
and count by threes until there are 10 squares: 13,
16, 19, 22, 25, 28, 31.1 predict that 31 toothpicks
will be needed.

GEOFF [ see the left-hand toothpick and then 3 tooth-
picks for every square in a row. In the fourth row, the
number of toothpicks is 4x 3+ 1 or 13.

4th row

| @IO‘@.@ 4 x 3 + 1 =13 toothpicks.

hleft-hand

toothpick.
10th row

COC0000020)

kleft—hand 10 x 3 + 1 = 31 toothpicks.
toothpick.

I think that the row with 10 squares will need 10 x
3 + 1 or 31 toothpicks.

NATHAN In the fourth row, I see 4 separate squares
made with 16 toothpicks. When they are pushed
together, 3 of the toothpicks aren’t needed. In the
tenth row, you could make 10 separate squares with
40 toothpicks; when they are pushed together you
won’t need 9 of the toothpicks, that leaves 31.

4th row

IR OEORN
—

Joined together, circled
toothpicks aren't needed

Il |—|:| 16 - 3 = 13 toothpicks

Cl&T@%@D@]@D@T_l@@’]@]
\%\v_ J

40 -9 = 31 toothpicks

The toothpick example illustrates three aspects

of patterning activity:

¢ identification—children recognize and iden-
tify patterns.

e extension and prediction—the students are
able to extend a pattern and describe its be-
havior as it is continued.

¢ application—a pattern is used to motivate a
solution to a problem.

Discovering mathematical
relationships

It also shows how a pattern can provide a context
for discovering mathematical relationships. Here
are ways the children might describe Sue’s method
of forming squares.

BOB Each row has 3 more toothpicks than the row
before it.

4th row

5th row

The 5th row needs 3 more toothpicks
than the 4th row.

MELONY To count the number of toothpicks in each
row, multiply the number of squares in the row by 3
and then add 1.

10th row

L0 o o

There are 10 squares in this row. The number of -
toothpicksis 3 x 10 + 1 = 31.

MARIA If the squares are separated in a row, the
number of toothpicks is 4 times the number of
squares. When the squares are pushed together, you
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can take away 1 toothpick from every square but the
first one.

I__J(DZIG):IQT_IGD(D:IGD@DGE@ZI

———
Joined together, the
circled toothpicks
aren’t needed

10th row

The number of toothpicks in the 10th
rowis 10 x 4 -9 =31.

All characteristics of patterning are important
in the study of mathematics and are woven into
many of the lessons of this program. Provide your
children with many opportunities to engage in
activities of this type.

Extending a pattern with
mental imagery

In the toothpick example, the children were sim-
ply asked to describe the tenth row. You may
question how many of the previous rows they
need to see or build first.

A major goal of this type of patterning activity
is encouraging students to form mental images of
the rows in the sequence. Ideally, they will make
predictions about the tenth row based on what
they “see” in the first four rows and the interven-
ing rows will not have to be built. This may vary
with the child, however; some may need to build
additional rows.

Note that the type of imaging called for may be
extended: What does the 20th row look like and
how many toothpicks does it use? How about the
33rd row? How many squares will be in the row
that uses 91 toothpicks?

Sometimes when you ask the children to iden-
tify and extend a pattern you have in mind—as in
the toothpick example—you find they are unable
to do so or they suggest other patterns that seem

to fit. This calls for a decision on your part. In the
example, the teacher chose to discuss Sue’s ar-
rangements. If some other suggestion looks par-
ticularly interesting (such as Julio’s), that too can
be extended and explored. On the other hand, ifa
child suggests a pattern that you do not wish to
consider, you can simply say, “That’s a nice pat-
tern, but not the one I had in mind.” Or, as the
teacher in the example appropriately said, “Let’s
look at Sue’s method for now.” In any case, each
child’s thought should be acknowledged.

Finally, if the children are unable to guess a
pattern that you have in mind, and you wish to
discuss it, we suggest that you tell them what it is
and carry on with the extensions.

Let students originate patterns

Allow for times when the children can create their
own patterns. This will stimulate the creativity of
the students and offer them greater ownership
over their patterns. The children will also observe
the varied approaches that exist in mathematics.
Be ready to ask questions appropriate to each
pattern and be prepared for unexpected ideas and
answers!

Here are two types of lessons in which students
work independently with patterns.

LESSON 1

Ask each child to create a pattern with different
objects and then answer some related questions.
For example, suppose a child makes a red-red-
black-red-red-black pattern with hex-a-link cubes.
Ask some questions such as:

What will be the color of the 19th cube in your
pattern? How about the 157th cube—what will its
color be?

| think black will be on
cubes 3,6,9. 12, 15 and

18. so 19 will be red.
(HARENENERENRERRENEE]

If you extend your pattern out to 1000 cubes,
about how many of the cubes will be red?

13

OPENING EYES TO
MATHEMATICS



14

OPENING EYES TO
MATHEMATICS

Patterns

If you copy your pattern on a hundred’s matrix,
what numbers do you predict will be colored

black?

What other things can you say about your

pattern?

The child’s thinking and observations about
this pattern can be recorded in a journal or shared

with the others in the class.

Here are examples of other patterns that chil-
dren have created. (Questions that could be asked

about the patterns are included.)

Betsy’s arrangement of pattern blocks

AU/ NALN

What block will be in the 29th position?
If the pattern is extended through 100 steps,
about how many of the blocks will be squares?

Josh's toothpick pattern

I I I N N
. I I
If this AABA pattern is continued, describe the
toothpicks that appear in the 20th step?
About what fraction of the items will have
the horizontal toothpick pointing left?

We recommend that children also be given
opportunities to replicate and extend each other’s

patterns.

Okay. Melony.

can you finish

S

LESSON 2

Present the children with selected mathematical
investigations in which they might use patterning
as a problem-solving tool. Consider the toothpick

example once more:

TEACHER Each of you has toothpicks, glue and con-
struction paper. 1'd like you to make rows of tooth-
pick squares according to some pattern and glue
them on your paper. Put 1 square in the first row, 2
in the second, 3 in the third and 4 in the fourth.

CAMERON [ made squares separately. Each row uses 4
more toothpicks than the row before it.

number of number of
squares toothpicks
1 || 4
2 117 8
3 - - - 12
1
4 — = = = 16

PAOLO I joined my squares in a line. Each row needs 3
more toothpicks than the one before it.

number of number of

squares |_| toothpicks
1 o 4
LU 7
3 ] 10
4 1 13

ZACH ] made my squares inside each other. Each
square is bigger than the ones inside it.

number of number of
squares _ toothpicks
1 l_l 4
2 | I | 12
|_—
I.— — —
3 =1 I 24
HaH
=]
N
4 | — |

| 40
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TEACHER | like your pictures. If you each continue
building rows of squares according to your pattern,
how many toothpicks will you need to make 10
squares?

CAMERON That’s easy! Each square uses 4 toothpicks,
so I will need 10 x 4—40—toothpicks for 10
squares!

10th row

10 x4 =40

PAoLO Wait a minute! I need 4 toothpicks for the first
square, but only 3 for each of the others. So if I build
10 squares, I will need 4 for the first and 3 for each
of the other 9. Altogether, that’s 4 + 27 or 31
toothpicks! I don’t need as many!

10th row

4+9x3=4+27=31.

ZACH My squares keep getting bigger. I am going to
need a lot of toothpicks! Let’s see, the smallest
square has 1 toothpick on a side, the next one has 2,
and then 3...I think the tenth one will have 10 on a
side. So the number of toothpicks all together will be
4+8+12+16+20+24+28+32+36+40.That’s
220 toothpicks! I'll really need a lot!

.
.

220 toothpicks in all.

Develop mathematical concepts
with atterns

In Opening Eyes to Mathematics, many chapters and
lessons make use of patterns in the development
of mathematical concepts. The examples that fol-
low provide insight into how this can be accom-
plished.

EXAMPLE 1

One of the most helpful applications of patterns is
in the development of numeration principles and
operations. This is done with the help of the
counting pieces shown here.

strip-mat mat strip  unit
0
1 unit
10 strips 10 units
100 units
Base 10 pieces

M

10 mats in all
1,000 units

These are called base ten counting pieces be-
cause each one, other than the unit, has 10 times
as many unit squares as the piece to its right. They
can visually represent the place value, grouping,
and regrouping aspects of our number system.

Notice that the number of unit squares in the
pieces grow according to powers of 10 and repre-
sent the place values of our numeration system.
The pieces also form a visual, alternating pattern
(from right to left) of “square, rectangle, square,

rectangle, ...”. Thus 234 units can be pictured in
this way:
[m]
(]
200 + 30 + 4=
234 unitsin all

Other counting pieces can be constructed with
similar patterns. For example, base five counting
pieces have the same “square, rectangle, square,
rectangle, ... .” pattern. Notice that each piece,
other than the unit, has S times as many unit
squares as the one to its right.

strip-mat mat strip unit
o
1 unit
25 units 5 units
Base 5 pieces
125 units

15
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Using these pieces, 234 units can be represented

in this way:
On
oo
125 + 100 + 5 + 4=
234 units in all
EXAMPLE 2

The relationships that exist among different pat-
tern blocks can motivate informal experiences
with fractions and areas.

“This triangle is 1/3 of
what other shape?”

A “It's 1/3 of the
Mrapezoid, see!”

Children can grow in their understanding of num-
ber concepts and relationships by working with
number patterns in various settings. In the illus-
tration below, toothpicks are used to picture mul-
tiples of 4. These multiples are also sketched on a
hundred’s matrix.

EXAMPLE 3

number of
toothpicks

[ | 4

11| 8

—r 0 12
L1 1]

— = = = 16
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Building a sense of pattern

If you are unsure of what experiences your chil-
dren had with pattern in earlier grades, lead the
studentsin afew simple snapping, clapping, chant-
ing, counting or movement patterns. Are the chil-
dren able to join you once they get a feel for the
pattern?
Here are some other things to look for:
Can the children
e identify and extend a visual pattern that is
presented to them?
¢ create their own patterns?
e recognize number patterns?
* recognize patterns in their world such as pat-
ternsin clothes, science, health or animal life?

| see a pattern
on your
shirt..white,
blue. white,

0‘{0
@‘
e

I
\ )
Ry, Attt
i ‘\

If the children don’t exhibit a sound sense of
pattern, incorporate more activities as described
above. Although they may seem playful, such
activities contribute in important ways to the
students’ mathematical development.

Although a few of the Contact lessons make
patterns the main objective, we recommend pat-
terns not be isolated, but be used to help children
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grow mathematically and to solve problems.

Encourage children to look for patterns beyond
the classroom. The possibilities are limitless! In
the world around us, patterns appear in

¢ music: thythm, ABA themes, choruses.

* the environment: ocean tides, phases of the
moon, blossoms in the spring.

e art: Van Gogh'’s use of long brush strokes side
by side, the mixture of colors, the arrange-
ments of flowers.

¢ design: placement of bricks to create a wall,
weaving a seat of a cane bottom chair for
strength as well as beauty.

You'll be pleasantly surprised how easily

children’s eyes can be opened to pattern!

When working with patterns, you can use mate-
rials you have on hand, as well as those listed in
the Materials Guide. We also use objects related to
the Contact monthly themes.

Sometimes children will shy away from creating
patterns with materials such as popsicle sticks, tile
or toothpicks because they seem to have such few
attributes. However, with some encouragement,
they will respond to the challenge of going be-
yond the obvious qualities of these objects. A
classroom incident illustrates this point.

Our children were asked to create patterns with
beige, 1" ceramic tile.

TEACHER (at a time when the children seem to have run
out of ideas) Look again at your tile. Does anybody
see a way we could use them to make a new pattern?
(Silence followed as the students considered the
problem.)

JANET Oh, Mrs. Head! That’s easy!I can just lay my tile
in different ways! If I stand one up on its edge, I can
make a flat, flat, standing-up pattern!

CHILDREN That’s great! We can do that, too!

LESTER Oh, I know one! I can stack them in different
piles.

L H F g ¥ F

The first child in this dialogue was not normally a
class leader and, in fact, had a severe learning
disability. However, itwasher example that opened
the eyes of the others to different possibilities for
patterns. Here are other samples of children’s
work.

o EFHT L7 (AT LT
L7 o
(7 (7

» 1000000

Summary

This foundation of pattern is essential to devel-
oping mathematical understanding. Pattern work
contributes greatly to students’ understanding
and mastery of mathematics. How powerful it is
to experience the patterns of multiplication in a
variety of hands-on or visual settings.

Mathematics holds more meaning for those
children who recognize its patterns. In this way,
children become masters of the subject and make
it work for them.
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4 Numeration:
Place Value

Understanding place value is another critical step in the devel-
opment of children’s comprehension of number concepts. NCTM's
Curriculum and Evaluation Standards for School Mathematics, p. 39

What can be done to help children under-
stand place value concepts?

This is a question teachers frequently ask. They
know that an understanding of place value con-
cepts is vital if children are to work confidently
and successfully with numbers. And teachers real-
ize the difficulty students often experience when
learning these concepts.

In answer to the question above, the activities
described in this chapter will enable children to
develop a visual model for representing place
value concepts. This model provides a way to look
at the overall structure of our number system. The
major goal of the activities is to help children form
mental images of numbers, images that will aid
them in constructing and thinking about numeri-
cal relationships and in later work with number
operations.

We have patterned these activities after those
used in the Math and the Mind’s Eye materials. The
numeration models used in those materials are
versatile, readily used and understood by chil-
dren, and easily recalled as pictures in the mind.
Weare confident that your children, like ours, will
enjoy learning in this way.

In these activities, place value concepts are first
explored by manipulating counting pieces. Dia-
grams and sketches are then used to connect the
discoveries made in these explorations with the
mental imagery and the use of symbols that occur
later. A distinguishing feature of the teaching
approach used in Opening Eyes to Mathematics is

Look at all

the ways we can

show 35!

LA TTY »Dopon 3

hLL T

this emphasis on experiences that show graphi-
cally the interrelation between the physical mod-
els, the sketches, the imagery and the symbols.
Once such connections have been established,
children have several options for representing
numbers: physical models, diagrams or sketches,
and mental pictures. They can then select the one
that is most helpful in a given situation.

Allow plenty of time for children to work through
these activities. We have found the comprehen-
sion of place value cannot be rushed. Time spent
now will bring ample dividends later, so enjoy
exploring with your class! You can be assured that
when everything is completed, your children will
have a deeper understanding of place value and
will be well prepared to solve numerical problems.

Number system characteristics:
Positional notation
and grouping by tens

In order to fully understand our number system,
children need to realize that:
* Numbers are written using positional nota-
tion. This means that the position of a digit in
a number determines its place value. That
place value is a power of 10, since our proce-
dure for counting makes use of groupings by
tens. For example, in 3,405 the place values of
5,0, 4and 3 are 1, 10, 100 and 1,000, respec-
tively. In this number, the 4 represents 4
hundreds, whereas in the number 47, the 4
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stands for 4 tens.

¢ The use of place value and positional notation
givesmeaning tonumbers. Thus, 3,405 means
3000 + 400 + S and 47 means 40 + 7. This
makes it possible for people to communicate
with numbers in an understandable way.

e Whole numbers can be written in expanded
form, such as 732 =700 + 30 + 20r 732 =7
hundreds+ 3 tens+2 ones. An expanded form
of a number provides information about the
place value of each digit.

¢ The groupings used within the system are
related toone another. Ten ones make asingle
group of 10; 10 tens make a group of 100; 10
hundreds make a group of 1,000, etc.

s In order to distinguish between numbers, it is
sometimesnecessary to use 0 as a placeholder.
For example, 3,405 means three thousand
four hundred five whereas 345 means three
hundred forty-five.

Let’s look at how we might help children con-

struct these ideas.

Modeling numbers with base five
and base ten pieces

The place value lessons of this book make exten-
sive use of the counting pieces shown here.

strip-mat mat strip unit
o
1 unit
25 units 5 units

Base 5 pieces

125 units

strip-mat mat strip  unit
O
1 unit

10 units

10 strips
100 units

Base 10 pieces

10 mats in all
1,000 units

Notice how the pieces within each set are re-
lated. In the base five collection, each piece, other

than the unit, has 5 times as many unit squares as
the piece to its right. Each piece in the base ten
collection has 10 times as many unit squares as the
piece to its right. Both sets of pieces also form a
visual, alternating pattern (from right to left) of
“square, rectangle, square, rectangle,...”.

With these pieces, children model numbers and
explore the grouping aspects of our number sys-
tem. Examples 1 and 2 illustrate this.

EXAMPLE 1

How can 23 units be shown with base five pieces?

One way of answering this question is to form a
collection of 3 strips and 8 units. This collection
requires 11 base five pieces.

oo

s

oo
15

+ 8 =23 unitsinall

By now replacing S of the units by a strip, a
collection of 4 strips and 3 units is formed. This
collection also represents 23 units but it uses only
7 base five pieces.

oo
D
20

+ 3 =23 unitsinall

Similar exchanges of the pieces lead to other
answers. The chart below summarizes all the pos-
sibilities.

Number of
Strips Units Pieces Used
0 23 23
1 18 19
2 13 15
3 8 11
4 3 7*
EXAMPLE 2

How can 23 units be shown with base ten pieces?
There are three ways to answer this question.

One way is to form a collection of 1 strip and 13

units. This collection uses 14 base ten pieces.

an

O
0o

000O00Oa048a

10+ 13 =23 unitsin all
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The other two answers can be formed by ex-
changing pieces (each strip is equivalent to 10
units).

Number of
Strips Units  Pieces Used
0 23 23
1 13 14
2 3 S*

It is important to keep in mind that all the
collections in these examples represent 23 units.
The collections can be formed from one another
by making equal exchanges (or trades) among the
pieces. In making these exchanges, children gain
familiarity with the regrouping that is used later
when computing with numbers.

Minimal collections

Let’s look a bit further at the collections discussed
in Examples 1 and 2.

In each example, the collection marked with an
asterisk is special—it uses the fewest number of
pieces to represent that particular number. This
starred collection is called the minimal collection.

ED strips | units
4 3

With base five pieces, the minimal
collection for 23 units consists of 4
strips and 3 units.

O

o . .

O strips | units
2 3

With base ten pieces, the minimal
collection for 23 units consists of 2
strips and 3 units.

The following chart shows the minimal collec-
tions for 74 using these counting pieces.

E mats | strips | units
H 2 | 4 4

With base five pieces, the minimal
collection for 74 units consists of 2
mats, 4 strips and 4 units.

oooo

mats | strips | units

7 4

With base ten pieces, the minimal collection for
74 units consists of 7 strips and 4 units.

Notice that, when base ten pieces are used, the
number of strips (or tens) and units in the minimal
collection for 23 corresponds, respectively, with
the digits in the tens and ones place of the number
23. The same is true for the minimal collection for
74. Children can therefore use these collections to
think of (and picture) these numbers in terms of
place value.

Children soon learn that any whole number is
readily pictured by its minimal collection of base
ten pieces. Further, they learn that the digits of the
number tell how many times each different piece
is to be used in this collection. This connection
reflects the fundamental concept related to posi-
tional notation. Here are a few more examples.

EXAMPLE 3

Using base ten pieces, the minimal collection for
432 units is 4 mats (or hundreds), 3 strips (tens)

and 2 units.
O
O

Using base ten pieces, the minimal collection for
1,034 units is 1 strip-mat (thousands), O mats
(hundreds), 3 strips (tens) and 4 units.

..........................................................

EXAMPLE 4

Example 4 demonstrates that the use of O as a
placeholder can be thought of visually. A 0 indi-
cates the absence of a particular piece in a collec-
tion. Children often use the “square, rectangle,
square, rectangle...” pattern mentioned earlierasa
reminder of this.
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The square is
missing from the
pattern. | must
write 0 for zero
mats.

¥ {5\-'4 ‘R‘k}fﬂ;‘g‘{w

traded for the next larger size.

Examples 1-5 show how the underlying ideas
related to place value and regrouping can be mod-
eled by counting pieces. This type of modeling is
important—it is a key to understanding these
concepts!

These ideas will later play an important role
when children operate with numbers. Consider
the problem of adding 34 + 28 as an example. As
shown in the following illustration, the required

sum can be found by combining collections of

(L7777

; 7/ 777 base ten pieces that represent 34 and 28, respec-

EXAMPLE 5

tively and then trading to form the minimal

Consider the collection of base ten pieces shown

here.

This collection shows a total of

collection.

! trade 10 units

ooo
?D

0Oa

STy

OO0 O0oOooOgod

==
-'. .

153 units. It is

not the minimal collection, however, since 10 of for a strip

)

=
"

-,.
,c

With base ten pieces, the minimal

153 units consists of 1 mat, 5 strips and 3 units.

This example illustrates that, with base ten

pieces, no more than 9 of any one

be required in forming a minimal collection. Any

the units can be replaced by another strip.
T -\d
| O
|II 1

34 +28 =62

A role for base five pieces

Since our number system has a base of 10, most of
the numeration activities of this book use base ten
pieces (or diagrams of them). Let’s not overlook
the base five pieces, however. There are several
reasons why it is important for children to repre-
sent numbers with these as well.

e Base five and base ten pieces are structured in
similar ways. The different pieces within each
set grow in a predictable way, one set involves
grouping by fives, the other by tens. The
pieces of both also alternate between squares
and rectangles.

collection for

piece will ever

group of 10 or more of the same piece can be

21

OPENING EYES TO
MATHEMATICS



Numeration: Place Value

strip-mat mat strip unit
(rectangle) (square) (rectangle) (square)
(m]
1 unit
5 strips 5 units
25 units
Base 5 pieces
5 mats
125 units
strip-mat mat strip unit
(rectangle) (square) (rectangle) (square)
; 7 o In this age of computers, numeration systems
1 unit that use different bases are important. Explora-
tions with various kinds of counting pieces can
help prepare children to deal with these bases.
Jostrips 10 units Beginning with base five pieces
4 Base 10 pieces We introduce base five pieces to our class with a
period of “free exploration”, just as we would with
V ) any new materials. During this time, the children
1 ?(r)?)%tsu'r?i t";” become familiar with the pieces and begin to

notice how they are shaped and related to one

» Because only five units are needed to make a  another. The dialogue below summarizes some of
strip, children experience regrouping fre- thediscussion that takes place afterwards. During
quently when working with base five pieces. this time the children share their observations
This experience prepares the way for the about the pieces and begin to form mental pic-
regrouping required in our base ten system.  tures of them. They also explain how the pieces

e Children are more likely to understand the remind them of pennies, nickels and quarters.
nature of minimal collections if they have The teacher displays a collection of base five
had opportunities to think about them in pieces on the overhead.
different settings. They discover, for example,

that no base five piece is ever used more than .
four times in a minimal collection. Similarly, ; o
no base ten piece is ever used more than nine ‘ o
times in such collections. o

We begin our study of numeration with activi- sl o

ties in which children model numbers with base
five pieces. Do not be concerned that these activi-
ties will be confusing to children. They are con-
ducted very informally and without any special
notation. We have found that they lead naturally
into working with our base ten system and en- TeEACHER What can you say about these pieces?
hance children’s understanding of it. Our chil-
dren even enjoy the challenge of creating base
two, three and eight pieces from grid paper and we
have included some lessons that use these. ZACHARY (He comes to the overhead and holds up a

strip.) Right! It looks like someone forgot to cut the

S little squares apart in this piece. There are 5 of the

little squares hooked together. It’s kinda neat, be-

22 cause I can pick up S squares at once.
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IMALDA [ see different shapes. It looks like there are
large and small rectangles and squares.
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DOMINIQUE You know—that reminds me of pennies
and nickels. The pennies would be the same as the
little squares. A nickel would be 5 pennies just like
this long piece would be S little squares.

TEACHER All of you have made some nice observations.
Now let’s name the pieces. The little squares are
called units. What are the 5 units which are hooked
together like?

O

unit
?

IMALDA It’s a row, a row of S units.
SALLY It looks like a train to me.

TEACHER I'm going to suggest we call it a strip. Does
that describe it for you?

FRED Sure! It really looks like a strip of units hooked
together! That will make it easy to remember be-
cause the name tells what it looks like to me.

TEACHER (Pointing to the overhead.) Look at this larger
piece—we’ll call it a mat. What do you notice about
it?

O

unit

? strip
ZACHARY It’s a bigger square.

BETSY It looks like 5 strips have been scotch-taped to
make that big square.

DIRK I see that, too. That means a mat has 25 units in
all.

LISLE That reminds me of money, too! A mat is like a
quarter. Each mat represents 5 strips, just like each
quarterrepresents S nickels! And a quarter equals 25
cents which kind of goes with the mat and its 25
units.

5 pennies = 1 nickel

5 nickels = 1 quarter

As the discussion continues, the teacher identi-
fies a strip-mat and the children describe it.

|
(1% looks like 5

\ mats hooked
together.

It has 125

\ units inside,

G
7=,

2
&

E>
\q

I

The children then close their eyes and think
about the pieces mentally, describing what they

”

“see”.

Each piece is
made of 5 of
the next
smallest piece.

GRS .:".‘as,-‘;qa:."
S SO SRS RESHCITIR
SRR

=
ZESRIR,

SIS IR
LSRR

TEACHER Open your eyes.  am going to place one of each
piece on the overhead (see illustration) and 1'd like
you to do the same at your desks. Please be sure that
your pieces are arranged just like mine.

[m}

Asyou look at the pieces, do you notice any patterns?

U (He comes to the overhead.) Well, I see a shape
pattern! If I start with the smallest, it goes square,

OPENING EYES TO
MATHEMATICS
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rectangle, square, rectangle. Each piece is getting low. Allot enough time for each activity to meet
bigger. The next one should be a square. your students’ needs. Remember, however, that
the major purpose is to model numbers and gain
experience with grouping processes with the pieces.
No special notation is required. Be informal and

RUDY Yes! The shapes are getting bigger. There is a
growing pattern! It takes S of one piece to make the
next larger one and the shapes take turns between

have fun!
squares and rectangles.
ACTIVITY 1
rectangle square  rectangle square
o Layout a collection of pieces and ask your children
H to determine the total number of unit squares that
¢ are present. Note also the number of units repre-
5 sEtrips 5 units sented by the different pieces in the collection.
make make
a mat a strip o The 2 strips show 5 units
H O  each or 10 units.
. The total number of units
is 10 + 3 or 13 units.
Y

5 mats make o
i [m]
a strip mat E E o
The 2 mats show 50 units and the 4 strips

TEACHER Yes, you have mentioned two important show 20.

patterns. The total number of units if 50 + 20 + 3 or 73.

The dialogue can continue in this manner, per-
haps with the children predicting the shape and

size of the next piece in the collection. In the E i DDDD
words of one child, “I think the next larger piece E i oo
will be a square. You can make it by scotch-taping

S strip-mats together.” The 3 mats show 75 units and the 7 strips

show 35.
The total number of units is 75 + 35 + 6 or 116.

WOW! This is a
BIG square!

ACTIVITY 2

Ask the children to show 13 (or some other num-
ber) units with their pieces. Make a listing of the
various collections that are found on a Mats-
Strips-Units chart. Include a column for the total
number of pieces used in each.

oo ——» > oo
00 Trade 5 DDD oo B
00 | nits Trade2 [
oo ) stips oo O

strip for10 OO
units
Strips  Units  Number of Pieces
1 8 9
2 3 5*
0 13 13

Note how the collections can be formed from
oneanother by making equal exchanges (or trades)
of the pieces. The one that uses the fewest number
2 4 The numeration lessons in this program suggest of pieces is marked with an asterisk and is called

several types of activities, samples of which fol- the minimal collection for 13.

More base five activities

OPENING EYES TO
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Here are some ways to show 39 units. The
minimal collection is identified.

Mats  Strips  Units  Number of Pieces
0 0 39 39
0 1 34 35
0 2 29 31
0 3 24 27
0 4 19 23
0 5 14 19
0 6 9 15
0 7 4 1
1 2 4 7*

ACTIVITY 3

Show the children an assortment of pieces and
have them make some equal exchanges of pieces.
Keep a record of the collections that are formed on
a Mats-Strips-Units chart. What trades lead to the
minimal collection?

mats | strips | units
1 1 12
trade 5 units for
a strip
O mats | strips | units

[E 1 1 12
1 2 7

trade 5 units for

a strip
mats | strips | units
H 1|1 12
” 1 2 7
S
N/

minimal collection

ACTIVITY 4

Have the children representan amount of units by
its minimal collection.

ACTIVITY 5

Ask the children to model some simple addition
and subtraction problems with the pieces. The
following dialogue illustrates a way of doing this.
Notice that the children work only with the pieces
and that no recording takes place at this time.

TEACHER Will you please place the following collections
in front of you: 1 strip and 3 units along with 2 strips
and 2 units. What will you have if these pieces are
combined?

o110 That’s easy! Push them together—you’ll have 3
strips and S units. .

BETH Wait a minute! We can make a trade and replace
the S units by a strip. That will give us 4 strips and
no units. That’s the minimal collection.

We can make a trade and
replace the 5 units with at
strip. That will give us 4 strips
and no units. That's the
minimal collection.

sw0,
Seaze

S ens:

Sorazisagrome,
& AT

TEACHER Thank you. Let’s try another.

KAREEM Sure! Give us a harder one this time!

TEACHER Okay, harder it is! Why don’t you work with
a partner on this one? It might be more fun for you.
Set up the minimal collection for seventeen units.

(After a period of time)
Who can show-and-tell how to do this?

KAREEM We knew that we can count by fives, just like
we do with nickels and pennies. So we started out
with strips—S5, 10, 15. Then we added 2 more units
to get to 17. So we used 3 strips and 2 units.

11 O
-4 1 O
100.. — [l

3 strips and
2 units

“5,10,15,16,17"

TEACHER ] think that’s nice. Now, working with your
partner, will you please remove 8 units from your
collection?

The teams work for a while and then share their
thinking about this question. Three possible re-
sponses are shown below.

25
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Strategy 1

g oo O /oo
107 s|lil] 2s [ s2= 8 (s¢
o g oo O\oo
oo .
TN
trade a strip  trade a strip take away
for 5 units for 5 units 8 units

"We traded one of the strips for 5 units. That gave us
7 units. That wasn’t enough. So, we traded another
strip for 5 more units. That gave us 12 units. Then, we
removed 8 units. That left 1 strip and 4 units.”

Strategy 2

D E
[m]

“We started with the 3 strips and 2 units. Then we
traded one of the strips for 5 units. That gave us 2
strips and 7 units. Then we removed the 7 units. We
knew we needed to remove one more unit. So we
exchanged another strip for 5 units and took 1
away.”

oooo

noooo
oo

&

, —>
Make away take away
7 units 1 unit

Strategy 3

H'EN :
a

2l | ik

LE - i
AN

take away give back

2 strips 2 units
“We started with 3 strips and 2 units. We needed to
remove 8 units, so we just removed 2 strips. That was
10 units—2 too many. So to fix it we gave back 2 of
the units. That left us with 1 strip and 4 units.”

The dialogue shows how the children were
given the opportunity to work together and to
explain their thinking. It also illustrates how a
problem may be solved in several ways, each of
which is acceptable. This makes it possible for the
children to grow in confidence and to feel good
about their work.

Moving on to base ten

Base ten pieces are just like those of base five
except each piece contains 10 times as many unit
squares as the next smaller one. Children recog-
nize this during an initial period of exploration
with the pieces. In fact, as a result of their experi-
ences with base five, the transition to base ten is a

very natural and easy one.

The main goal is to help children visualize
numbers and think about place value in their
“mind’s eye”. This can be accomplished by a
progression of activities in which children model
numbers first with base ten pieces and then with
diagrams and sketches. This leads to the develop-
ment of mental images that can be used to give
meaning to numerical symbols and to construct
numerical relationships.

Activities with base ten pieces

Once children have been introduced to the base
ten pieces, they are ready to engage in activities
that parallel the ones previously done with base
five pieces. They explore the different ways a
number can berepresented by collections of pieces,
with the intent of identifying the minimal collec-
tion and gaining familiarity with the regrouping
that takes place when pieces are exchanged. Illus-
trations of this were given earlier in Examples 1-5.

It is important to vary the size of the numbers
that are modeled, being sure to include ones that
are 3 digit or that involve zero. Here are two more
examples—in each, the minimal collection is
marked with an asterisk. Please note the com-
ments that follow these examples.

EXAMPLE 6

How can 57 units be shown with the base ten
pieces?

The chart below reports the different collections
that answer this question, together with the num-
ber of pieces used in each.

Total Number
Strips  Units of Pieces
0 57 57
1 47 48
2 37 39
3 27 30
4 17 21
) 7 12*
EXAMPLE 7

What are some ways to show 102 units with base
ten pieces?

There are several collections that could be used
and they are recorded below.
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Total Number
Mats Strips Units of Pieces
0 0 102 102
0 1 92 93
0 2 82 84
0 3 72 75
0 4 62 66
0 5 52 57
0 6 42 48
0 7 32 39
0 8 22 30
0 9 12 21
1 0 2 3*

As the charts indicate, there are many answers
in Examples 6 and 7. Children need not find all of
them, though they may enjoy the challenge of
doing so. It is important, however, that they
determine the minimal collections.

There are enough base ten pieces in a base ten
counting piece set for each child to form all the
collections for any number up to 60. The children
will have to combine materials in order to show
larger numbers. We have found that, in general,
the children do not feel the need to actually form
large collections of units. For example, they will
usually realize that a total of 102 units can be
shown by a collection of 102 separate unit pieces
without actually laying them out.

As usual, conduct these activities in a relaxed,
happy way. As your children participate in them,
encourage them to work cooperatively and to
show-and-tell their results. They will begin to
realize that:

e Numbers can be modeled by collections of
base ten pieces in various ways, one of which
isthe minimal collection. They will later learn
that a number is most often thought of in
terms of its minimal collection. However, the
other collections are okay, too, and are some-
times used when working or computing with
numbers.

* When forming the minimal collection for a
number, it helps to refer to the digits of that
number. That is, they understand the use of
positional notation. This illustration shows
some of the ways children have described
these ideas:

Thff: minimal collection
IS the

least number of pieces.

the @asiest +o carry

aren't qs Mang)
Deces.

Posihonal netation |5
using a number”
fo el how many
Pleces Hhere are.

Posirional notgtion
is wWhen we use
Numbers +o +ell

how imany of each
Plece +Here are.

» For each zero in a number, there will be one
type of base ten piece that will not be used in
the minimal collection. Children often re-
member that the base ten pieces form an
alternating square-rectangle pattern. If they
observe that the pieces in a minimal collec-
tion do not follow this pattern, they know
that a zero will be needed to record the total
number of units.

Making connections:
Diagrams, sketches
and mental images of numbers

Children gain valuable insights about numbers
and place value concepts through their experi-
ences with counting pieces. With this as a basis, it
mightbe tempting to think they are ready to move
directly to thinking about these concepts symboli-
cally. We believe, however, that some connecting
activities are needed.

In this program, these connections are made
with the help of diagrams (on grid paper) and free-
hand sketches of base ten pieces. (See illustration
on next page.)

The minimal collection 15

avound because theye
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pieces O
O
O
253
grid paper
diagram
|
253
| EE
|
freehand g
sketch ]nn[”“

253

Diagrams and sketches are helpful options for
picturing numbers of all sizes and for exploring
how numbers are related to one another. The
following examples illustrate their use.

EXAMPLE 8: EXPANDED FORMS OF NUMBERS

Make diagrams of the minimal collections for 46
and 208. Write expanded forms for each number.

s pmm NS .
113 4 strips and 6 units R s En
H: 4 tens + 6 units }[expanded forms [
40+ 6
46 ; b
: 2 1o
o 208
2 mats, O strips and 8 units
- it 2 hundreds + 0 tens + 8 units
expand ed forms 1 200 + 8 N
A A - S
R R SRR N N A A A i

EXAMPLE 9: NUMBER PROGRESSIONS

a. Diagram the minimal collections for 35, 2 less
than 35 and 2 more than 35.

28
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2 less 2 more
than 35 + than 35

or 33 or37
Fridliintis FRCRE I8 R B 98 4
| AR ) Pyt

b. Use base ten pieces to form the minimal
collections for 107, 19 more than 107 and 19 less
than 107. Then make a diagram of each set.

The diagrams on page 29 depict two ways chil-
dren might trade pieces to form the required sets.

EXAMPLE 10: COMPARING NUMBERS

Ask the children to compare two numbers, de-
ciding which is larger.

HUTEE
.65\ 49
mo

(ess

I

B e

0 96
mofe >{ess

DOoEBOoD

369,406
Lesg<m0r9

We introduce the symbols for less than (<),
greater than (>) and equals (=) in conjunction with
examples of this sort. After the numbers have been
sketched, the children use the appropriate symbol
to compare them.

Children quickly recognize that making a dia-
gram or sketch is an alternative to setting out
actual pieces. Being able to draw a picture that
helps solve a problem makes children feel more
comfortable—and powerful.

Diagramming numbers on base ten grid paper is
an important feature of this program. While it is
always possible to make free-hand sketches (and
ultimately more convenient), using grid paper
provides a structure that many children need. We
help our children become familiar with both op-
tions; they can then choose the one that is most
helpful in a given situation. There are even times
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Example 9, b.

Strategy 1

15
§

?niiﬁﬁ.

&

|

- add - —— el £
107 1 strip exchange 126 or 19 more
and - 10 unitsfor - than 107

9 units _ @SHp il

N

ST exchange | exchange remove [+ 88 or 19 less |
e the mat for |-l LY 2 strips for i 19 units i than 107 |
; I IR A S RN I

FYY Y11 )
/

~spassse

00008
e
800000
s
essses

Crig07i) add 2 strips remove 1 - 126 0F -
e frodedd - : unit 19 more
N t_ha:n‘ 107

000888

so 0000 e

- il L = : '
CH07 Gl exchange il remove | a
3 the mat for -

29

OPENING EYES TO
MATHEMATICS




Numeration: Place Value

helpful in a given situation. There are even times
when someone maywantto bringout the pieces—
that, too, is always an option!

It is not necessary to be overly meticulous when
diagramming on grid paper. Our children usually
use dots to indicate units and lines for strips. We
do recommend using grid paper that has some
writing space on it and have included different
versions in the blacklines.

All the activities described thus far in this chap-
ter—using counting pieces, diagramming, sketch-
ing—will strengthen your children’s visual per-
ceptions of number and place value, and aid them
in developing and recreating mental images of
these concepts. We extend these activities with
exercises that promote this imagery. Here are
some examples.

EXAMPLE 11: MINIMAL COLLECTIONS

Illustration A

TEACHER (Holding up a large handful of units.) I have
346 units in my hand. Imagine what the minimal
collection would look like. Can you describe or
sketch it?

“| see 3
oo mats, 4
oo strips and
Opo 6 units.”

Illustration B

TEACHER Make a sketch of 1 strip-mat, 4 mats and 6
units. How many units do these pieces contain
altogether?

“There will be
1,000 + 400 +
6 or 1,406
units.”

Illustration C

TEACHER Close your eyes. Try to see 2,057. Describe

MONIQUE I remember that the pieces follow a square,
rectangle, square, rectangle pattern, starting with
the smallest one. So the 2 must refer to a rectangle—
there must be 2 strip-mats or 2 thousands. There are
no mats. I also see S strips and 7 units.

FTIIIIIIIIJM

A T O ) A O

EXAMPLE 12: PLACE VALUE

TEACHER Imagine the number 4,503. What can you
tell me about the S in this number?

AKEEM There are 5 mats.

TEACHER How many units are represented by the 5
mats?

AKEEM Each mat has 100units. Five of them make 500
units.

EXAMPLE 13: COMPARING NUMBERS

Think of the numbers 415 and 451. Which is
larger?

415 ... 451
O Q) Both numbers will
OO need Y4 mats, but

45] uses more
strips, so it is

EXAMPLE 14: ROUNDING NUMBERS

Think of the number 634. What collection of

3 o what you see.

OPENING EYES TO
MATHEMATICS

pieces that uses only mats comes closest to show-
ing this number?
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This is between 6 and 1
mats. 6 is closer because
there are less than 5

Offer your children plenty of opportunities to
think about numbers in these ways. Encourage
them to draw pictures or set out pieces to assist
them in their thinking. You will enjoy seeing how
well they do and how much their understanding
of number concepts and place value has increased.

Decimals

In Opening Eyes to Mathematics children participate
in several kinds of decimal activities:

¢ Throughout the year, many Contact lessons
provide experiences thatstrengthen children’s
understanding of money. These experiences
illustrate an important application of deci-
mals.

* Decimal concepts and notation are intro-
duced during the Insight lessons. Children
learn that the models used to visualize place
value and whole numbers are also helpful for
thinking about decimals.

* The Money Decimal Records component of
the Calendar Extravaganza serves to link
children’s understanding of money with the
decimal models developed in the Insight les-
sons.

Modeling Decimals

In our numeration system, the concepts of place
value and positional notation used to describe
whole numbers apply also to decimals. For ex-
ample, in 54.789 the place values of 5, 4, 7, 8 and
9 are ten, one, one-tenth, one-hundredth and
one-thousandth, respectively. This number can
be written in expanded form in several ways:

54.789 = S5 tens + 4 ones + 7 tenths + 8 hun-
dredths + 9 thousandths

=5+4+.7+.08 +.009
=50 +4 +7/10 + 8/100 + 9/1000.

Because of this, the visual models discussed
earlier in this chapter can be extended to represent
decimals. This is done through the following kinds
of activities:

ACTIVITY 6

Show the children a unit square from the base
ten pieces. Ask them to close their eyes and imag-
inelooking atthis unit through a magnifying glass
for “hidden” surprises. While their eyes are closed,
replace the unit with a larger one in which tenths
and hundredths can be seen.

i

Use this “magnified” unit, which looks like a
mat, to motivate a discussion of the following
points:

a) The unit square has been subdivided equally
into 100 smaller squares. Each smaller square
represents one-hundredth of the unit square.

/00 of a unit square

Ten of the smaller squares also form a strip that
is one-tenth of the unit square. Ten of these strips
make up the unit square.

This strip is V40
of a unit square

b) When a unit square, a “tenth” strip and a
“hundredth” square are arranged in the order
shown here, their shapes alternate between squares
and rectangles.
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“tenth”
unit square strip
“hundredth”
square
O
1 Vio Y100
square rectangle square

Each piece also is ten times as large as the piece
to its right. These pieces model the numbers 1,
1/10 and /100, respectively.

ACTIVITY 7

Give each child a collection of “decimal” pieces
(unit squares, “tenth” strips and “hundredth”
squares). Children are usually quite willing to
pretend and use base ten pieces for this purpose.
(They imagine that a mat is a “magnified” unit.)
Otherwise, the pieces can be cut from centimeter
grid paper.

Ask the children to show 37 hundredths (or
some other amount) with their pieces. Make a
listing of the various collections that can be formed
and identify the minimal collection.

reported in entries a) and c) of the above chart. We
make the distinction with a decimal point, al-
though historically other ways were also used.

3 units, 7 tenths vs 3 tenths, 7 hundredths
317 examples 137
3,7 of historical 0,37
notation
3.7 decimal .37
notation

Notice that positional notation is used when
describing these minimal collections. The decimal
point serves as a punctuation mark that separates
the units place from the tenths place. As with
whole numbers, the digits tell how many times
each different piece is used in the collection.

1 V0 Voo decimal
a) 37 hundredths 3 7 .37
b) 2 units, 3 hundredths 2 0 3 2.03
¢) 37 tenths 3 7 3.7
d) 2 units, 14 hundredths 2 1 4 2.14

Sometimes a zero is needed as a placeholder
(entry b) above). A zero indicates the absence of a

Each collection shows 37 hundredths of a unit.
The minimal collection is marked with an asterisk.

This activity strengthens the children’s under-
standing of the regrouping that takes place when
pieces are exchanged.

ACTIVITY 8

Form the minimal collections for other sets of
pieces:

1 Vio Voo
a) 37 hundredths 3 7
b) 2 units, 3 hundredths 2 0 3
c) 37 tenths 3 7
d) 2 units, 14 hundredths 2 1 4

Introduce decimal notation as a means of repre-
senting these collections. For example, there needs

particular piece in a collection.
h hundredth togal f
units |“tenth” strips | “hundredth” | number o .
(1) (V10) square (V100) pieces 2 units 3 hundredths
; u]
o o 37 37 E
0 1 27 28
0 2 17 19
0 3 7 10*

“These pieces are different sized squares. Since
there’s no rectangle in between, a zero is needed.
There are no ‘tenth’ strips. This means 2.03
represents this collection.”

ACTIVITY 9

Have the children model various decimals by
their minimal collections. In so doing, they de-
velop a visual way for thinking about decimals.
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standardly We also use it in the Calendar Extravaganza to
decimal  minimal collection read as relate decimals to units of money (please refer to
a) .14 1 tenth, fourteen the Money Records component).
4 hundredths hundredths
b) 2.17 2 units, 1 tenth, two and seventeen
7 hundredths hundredths
c) 1.05 1 unit, O tenths, one and five
5 hundredths hundredths e e D
With this model, children can compare deci-
mals and observe how they are related to common |
fractions. | @ Liiib+
unit unit $2.58

unit

unit

In all of these, the same portion of the

unit is shaded.
So.5 =5/10 = 1/2 =.50= 50/]00

Related lessons

We have included several lessons in which chil-
dren play games that use the models discussed in
this chapter. Games such as Up-and-Back and
Dizzie Lizzie are enjoyable ways to practice repre-
senting numbers and regrouping and to learn
about the relative sizes of numbers. In addition,
there are many Contact lessons where children
apply their understanding of numbers to estima-
tion and other problem situations.

Conclusion

We have seen how the models discussed in this
chapter have strengthened our children’s percep-
tions of numbers and place value, regardless of
ability level. We are confident that your children,
too, will learn from them. They will develop un-
derstandings about images of numbers that will be
useful now and in the years to come.
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5 Numeration:
Addition and Subtraction

Intuition about number relationships helps children make
judgments about the reasonableness of computational results
and of proposed solutions to numerical problems. Such intuition
requires good number sense. NCTM’s Curriculum and Evaluation
Standards for School Mathemaitics, p. 38
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As teachers, we recognize the importance of
helping children acquire the computational facil-
ity and problem-solving skills needed to analyze
numerical problems. This involves much more
than teaching them paper-and-pencil procedures
for computing with numbers. Children need to
understand the meaning of number operations
such as addition and multiplication, how num-
bers are related and how to estimate and evaluate
answers. The visual models presented in Chapter
4 can assist them in these areas. This chapter
discusses how to do this when teaching addition
and subtraction.

During the Middle Ages an ongoing debate
occurred among those who taught and used arith-
metic. Some people preferred to work with an
abacus and resisted the numerals we use today.
Others saw the advantages of these numerals and
developed procedures for computing with them.
The latter group eventually prevailed and their
methods of doing arithmetic evolved into the
algorithms that have been taught in schools.

A similar debate is currently taking place, only
this time the major issue is related to the role of
calculators in the classroom. The widespread use
of calculators and computers in the home and
workplace stands in contrast to the pressure on

many teachers to drill children on paper-and-
pencil computation.

The availability of calculators lets you reduce
the time spent practicing written arithmetic skills.
You can then place greater emphasis on develop-
ing number sense and a conceptual understand-
ing of number operations. With these, your chil-
dren can successfully apply numbers to everyday
situations. They will also recognize that they have
many options for making needed computations.
Some of these are mental arithmetic, estimation,
calculators and paper-and-pencil techniques.

By doing the activities described in this chapter
and the next, children will strengthen their sense
of numbers; learn addition, subtraction, multipli-
cation and division concepts with the help of
visual models; and grow in their ability to use
different calculating options.

Promoting number sense

Number sense, like common sense, is hard to
define specifically. It might be described as think-
ing about and working with numbers in an intu-
itively reasonable manner. People with good num-
ber sense confidently analyze numerical situa-
tions. They understand number relationships,
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make helpful estimates and judge the reasonable-
ness of their answers. They are also able to select
and use calculating options appropriate to the
problem being solved. For example, they will
likely recall the sum of 3 + 5, mentally compute
17 + 20 and use a calculator to determine exact
answers for cumbersome computations.

We also feel that for young people trying to
recall basic facts, number sense includes the abil-
ity to think in terms of tens. For example, one can
construct an answer for 8 + 5 by making a 10 out
of either the 8 orthe 5 and thinking of the problem
as 10 + 3. We call this ten-ness and illustrate it in
the following lesson.

LESSON 1

TEACHER One Halloween, Bill was given 8 pieces of
candy at the first house and then 5 more at another
house. How could we use the base ten pieces to show
the candy collected at the 2 houses?

MONA (She uses a transparency of a ten-strip board and
base ten pieces for the overhead.) The units of our
counting pieces are like candy. Place 8 units in one
column of the board and 5 in another like this.

i

TEACHER Now, how many pieces did he receive alto-
gether.

RYAN You can count the units—S8, 9, 10, 11, 12, 13!
I'wouldn’t want to do it that way if the numbers were
bigger!

TEACHER That’s true—I wouldn’t want to either! How
else can it be done?

TAD I have a way.
TEACHER Please demonstrate at the overhead.

TAD [ see that the 8 just needs 2 more units to become
a strip. So I can make a strip of 10 out of the 8 by
moving 2 units over. I can make the minimal
collection by trading the 10 units for a strip. Now I
have 1 strip and 3 units—that shows 13.

[T T11]
[T1T1]
[TTT]
[T TT]

L]
L]
Ll
ml
=
e
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L1
[L1

trade 10 units
for one strip

LI

LTI

TEACHER Thank you, Tad. (The stacks of 8 and S are
recreated.) Does anyone have a different way of
thinking about it?

MONA (She stands at the overhead.) Well, the S needs
5 more units to become a strip of 10. You could make
a strip by moving S units over from the 8 and then
trading. You’d still have 1 strip and 3 units.

[

EEnEn e

trade 10 units
for one strip

-

In this lesson, Tad and Mona demonstrated a
sense of ten-ness by moving units to create a strip
(or 10). This allowed them to form the minimal
collection for 13 and thus construct an answer for
8 + 5 by thinking of the problem as 10 + 3. As your
children work daily with base ten pieces, they will
find thinking about making strips helpful for
recalling basic facts. Here is another example of
this.
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make a 10 out
of right column

make a 10 out
of left column

E
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[T 1]
[111

The difference between
8and 5is3.8-5=3
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c. “Icanmake 1 strip and almost half of another.
Altogether, 8 + 5 is closer to 1 strip than it is to 2.
It’s a long way from a mat, however!”

d. “The total number of units is odd. I can match
all but 1 of them.”

1]

[TT11]
[T 111

[TTT]

[TT1]1

9+6=

This sense of ten-ness is related to understand-
ing place value and to forming minimal collec-
tions. Your children can use it when they compute
with larger numbers.

Lesson 1 continues by asking the children to
make columns of 8 and S units on individual ten-
strip boards. The teacher challenges them to make
other observations about numbers by looking at
the columns of units. The children discuss their
thoughts with one another and then demonstrate
some of them at the overhead. Here are some
possible responses.

a. “Move a unit and make columns of 7 and 6
like this.”

[T 111
[TTT]
[TTT]

—
-

[TTT]

[TT1]
[TT11]

F—

CLILI

LI
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CITTT
CITTI
HEEE

L

“Now here is a double—2 sixes, that’s 12—and
an extra unit. That makes 13.”

i

oo

[TT1]
11
]

[TTT]

Two sixes are 12, so
8+5=12+1=13

[ 11
11
L1

1

b. “I see the difference between 8 and 5. One
column has 3 more than the other. I can show this
by placing 3 more units on the one with 5.”

|
[
[ [

[ [T
[TT1

[ [T]

[
L1
LI

Thirteen is an odd number.

e. “Isee groupsof 3. Thirteen is 4 groups of 3 and
1 more.”

i

f. “If I put 2 more units in the column with 8, I
can see 3 fives. So 13 must be 15 minus 2.”

g

0

Four groups of 3
plus 1 make 13.

[TT1]

[TT1]

13 is 15 minus 2

NN

HEEE

g. “Ifilled up both columns and made 2 strips or
20. It took 7 more units to do this, so 20 is 7 more
than 13.”

T

TTTT]

20=13+7

CITTT

In this lesson, the children formed their collec-
tions on ten-strip boards (see Materials Guide).
Our children find them very helpful when consid- .
ering sums and differences that are less than 100.

The preceding chapter outlined activities that
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used base ten pieces for understanding place value
concepts and forming mental images of numbers.
Another way to use these pieces (or sketches of
them) to promote number sense within your class-
room is shown in this estimation lesson.

LESSON 2

TEACHER This summer I took a trip. I have used base ten
pieces to sketch a picture of the number of miles I
drove on the first and second days. (The following
illustration is displayed on the overhead.)

|
|

Can you tell how many miles I drove on each day?

0000000

Q00000g

2nd day

ANGELA [ can! You went 287 miles on the first day and
138 on the second.

TEACHER Thank you, Angela. Now I would like each of
you to form these collections of pieces at your desks.

The children set out pieces on their desks that
show 287 and 138 units, respectively.

TEACHER Using only mats, how would you estimate the
total number of miles that I drove?

SHAWN That’s easy! There are 3 mats, so you went
around 300 miles.

RICHARD Wait a minute! I'd say 4 mats, because the
first collection is closer to 3 mats than it is to 2. The
second collection is closer to 1 mat. I think you drove
closer to 400 miles.

>

Il
|

rounded to the nearest
mat (hundred)

rounded to the
nearest mat
(hundred)

Total close to four
mats or 400 miles.

—
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—
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2nd day

RUDETTE [ think I'd go with 4 mats, too. I see the 3 that
Shawn saw. But ifI put the strips together, there will
be more than enough to make another mat. I'd say
you drove more than 400 miles.

TEACHER Those are all useful ways to make estimates.
Does anyone want to go for 500 miles?

RUDETTE [ don’t want to. There are enough strips to
make 1 more mat, but not enough for 2!

nm Well, 500 is an okay estimate, but the answer is
closer to 400.

TEACHER How about 200 miles?

PENNY No, just like Shawn said, there are already 3
mats and that’s 300 miles.

TEACHER There are many ways to make estimates. Can
you think of a reason why 300 miles might be a
useful estimate? What might be a reason for want-
ing to know that more than 400 miles were driven?

The discussion continues with the children
thinking about times when different types of
estimates are appropriate. For example, they might
observe that “more than 400” may be more useful
if one is concerned about fuel consumption.

The children thought about the problem of
Lesson 2 in different ways. Shawn’s method of
looking only at the largest pieces present is called
front-end estimation. This is a helpful way of get-
ting a sense of where an answer lies (the term itself
needn’t be added to the children’s vocabulary).
Rudette refined Shawn'’s answer by looking at the
strips. Richard rounded each collection to the
nearest mat (100) and then combined his results.
Each of these procedures is helpful and leads to
sound estimates. In a given situation, a person
might find one estimate more useful than an-
other.

As a general rule, encourage children to make
estimates and to think about their answers. Some-
times, as in the above lesson, these processes may
be identified as the main objectives of the activity.
Ideally, though, your children will make estimates
a natural part of all their work with numbers.

In many of the Contact lessons, children are
asked to think about numbers in relation to the
theme of the month. They look for and describe
patterns, devise estimation strategies and create
problems that apply numbers to situations in their
world. Here are summaries of two of these lessons.

LESSON 3

Contact Lesson 38
Football—Money

You will need
e different catalogs that advertise footballs
* money feely boxes, record sheets and cal-
culators
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Has football mania taken over your classroom
yet? Perhaps your children will want to buy a
football to donate to the school.

In groups of four, have the children explore the
manner in which department store catalogs are
organized. In particular, have each group search
for a football that suits its needs and lay out (and
record) different combinations of money from
their feely boxes that could be used to purchase
the football

Teacher Tip: We like to have each group report
to the class about its work. The report usually
includes a description of the ball that has been
selected, some of the money combinations that
could be used to pay for the ball and some related
story problems.

LESSON 4

Contact Lesson 19
Apples—Extended Number Patterns

You will need
e Chapter 3, Patterns, and Chapter 6, Multipli-
cation and Division
* an apple and a sharp knife
® a4 x 4 sheet of white paper, crayons, scissors
for each child
» a large sheet of bulletin board paper for dis-
play, glue
If you cut an apple against the grain and look at
the inside of one of the parts, what type of design
will you see? How many points will it have? What
type of seashell will it look like?
Answer these questions by cutting an apple as
shown in the illustration.

Have the children recreate the apple’s 5-point
design by coloring a circular shape cut from paper.
Glue some of these shapes on the bulletin board
paper to create the sequence shown below; then
identify the multiples of S points seen in each row.

1st 5

row points
10
points

3rd 15

row points

4th 20

row points

Ask the children to visualize what the tenth row
in this display will look like. Have volunteers build
this row without building those in between and
discuss reasons for their answer. The tenth row
looks like this:

GOOOEOOEEO®

10th row

Now challenge the children to determine the
total number of points that are in the tenth row.
Have them share their thinking.

“I see 10 apples with 5 points each. So just add
10 fives (or multiply S x 10) to get the total. That’s
50 points.”

“Two apples have 10 points. I see S pairs of
apples, sol counted 10, 20, 30, 40, 5O. There are 50
points.”

“Eachrow has 5 more points than the one above
it. I started with the 25 in the fifth row and
counted by fives until I hit the tenth row—25, 30,
35, 40, 45, 50.”

This type of imaging may be extended: What
does the 20th row look like and how many points
does it have? How about the 33rd row? How many
apples will be in the row that has 75 points?

Teacher Tip: Encourage the children to look for
different ways to total the points in a row. Con-
tinue to ask, “Does anyone have another way to
share?” or “Can you find another way?”

Activities to enhance understanding
addition and subtraction

Most children have kept a running total of their
scores in a game and are generally quite aware of
who’s ahead (and by how much) at the end. This
indicates that addition and subtraction are al-
ready part of a child’s world. By linking these
experiences with a knowledge of place value, your
children will grow in their understanding of these
operations.

Begin by telling a variety of stories that provide
acontext for addition and subtraction. Invite your
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children to tell some, too. They will show special
interest in stories that are about them—their soc-
cer games, the buses they ride, the lunches they’ve
brought from home, etc. Vary the level of diffi-
culty and size of the numbers.

Have the children model the stories with base
ten counting pieces and explain their thinking as
they answer questions. As with place value, work-
ing with the pieces will promote a visual way of
thinking about addition and subtraction. When
the time comes, this work will make it easier for
the children to understand written procedures for
finding sums and differences.

LESSON 5

TEACHER As I was reading the newspaper, I noticed that
the Shelby County Rockets football team won the
scrimmage last Friday night against the Trinity
Bluejays. Yeah, Rockets!

KRISTEN [ went to that game because my big brother is
the quarterback; it was really great! My dad says we
might win the state championship this year. He says
Coach Pollett is the best coach ever!

TEACHER It appears that the Rockets are going to be a
strong team this year! The score of the game was
Shelby County, 42, and Trinity, 14.

PAUL Wow! We scored 42 points! That’s great!

TEACHER With a partner, place your green counting
pieces on your ten-strip boards to show 42 and 14.

[TTT]

[TTT1]

CLII
CITTTT

[[TT1]
[TT1TT]
[1TT1]
[TTT]

[HEEN
LI

CLTII
LTI

CLTLI

About how many more points did the Rockets score
than Trinity?

MARCY Well the 42 has 3 more strips than the 14 so the
Rockets scored around 30 more points.

TEACHER ] think that’s a nice way to describe it, Marcy.
Now let’s find out an exact answer. How many more
points did the Rockets score?

The students work for a time and demonstrate
methods such as:

ELVINA [ made the 14 look like the 42 by filling in with
yellow pieces until they looked the same.

i

[TTT]
[T11]

BRI

[HEEE

TTTT1
[TT1T]

CITTI

CLTTI

Then I counted the yellow strips and units. There
were 2 strips and 8 units in the difference, so the
Rockets scored 28 more points. That’s pretty close to
30.

SETH The Rockets are my favorite team! I picked up the
pieces for the other team’s 14 points and laid them
ontop of the 42. The pieces without any pieces on top
of them show the difference.

28 units are not
covered. 28 is the
difference between
42 and 14.

[TTT1]
[T11]
[ TT1]
TTTT]

TTTT]
[TTT1]1
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I51AH [ imagined it in my head. I just started with 14
and counted by tens—14, 24, 34, 44. If the Rockets
had 44 points, they’d be 30 ahead. So I counted back
2 to 42. They must be 28 points ahead.

The teacher now poses a new problem.

TEACHER Suppose the Rockets score 29 points in this

week’s game. Can you use your pieces to show the
total number of points they scored in these 2 games?

The children work together on the problem and
share their procedures.
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MARTHA On our boards, we set out 42 points for the

first game and 29 for the second.
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Then we put the pieces together and traded 10 units
for a strip. That made 71 units in all.

I
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JAMEsS We have discovered something really neat!
When we went to set up the pieces, we already knew
it would be an addition problem. So we looked for a
short-cut. We laid down the 42 points for the
scrimmage. Then, when we started to lay down the
29 points, we just took 1 away from the 42 and gave
it to the 29. We figured that 42 and 29 is the same
as 41 and 30. How about that! We still got 71
points!

Modeling addition

The sum of two numbers can be modeled directly
with counting pieces. The children set out collec-
tionsrepresenting the addends and combine them.
Create the minimal collection for the entire set to
see the answer. As an example, consider a problem
discussed earlier in this chapter: On a two-day trip,
the teacher drove 287 miles on the first day and
138 on the second. How many miles did she travel
altogether?

Previously, the children formed collections of
287 and 138 units and estimated the total mileage
to be somewhat larger than 400. One way to arrive
at an exact answer to the question is pictured here:

o
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287 +138 =425
The teacher drove 425 miles.

[sl=]alaln]

Notice that the answer compares favorably with
the estimate that was made.

As another example, here is a way of modeling
3078 + 1243 with sketches of base ten pieces.

—1 3078 1243

[} mn]

g
T
|y

3078 + 1243 = 4321
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Modeling subtraction

There are two general kinds of problems that are
addressed by subtraction: take-away and compari-
son (or finding differences). Here is an example of
each kind.

Take Away: Angie had 6 pieces of candy and her
brother ate 3 of them. How many pieces did she
have left?

Comparison: Peter’s score in a card game is 23.
Colby’s score is 18. Who is ahead and by how
much?
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When asked to model these situations with
counting pieces, children will often proceed in
different ways. The following discussion summa-
rizes some of the more typical responses.

Take Away

Children have experienced take-away situations
many times in their lives.

EXAMPLE 1

Susan started the day with 72 boxes of Girl Scout
cookies and then sold 38 of them. How many did
she have left?

This story may be modeled by placing 7 strips
and 2 units on a ten-strip board and then remov-
ing 38 units.

ANTHONY [ .thought there should be around 30 left,
since I had 7 strips and about 4 had to be taken
away. Before taking anything away, though, I traded
a strip for 10 units. Then I removed 3 strips and 8
units. That left 3 strips and 4 units—Susan had 34
boxes left.

B R
B

o
3

trade a strip
for 10 units

o =~ | EEEEERETER]

nd 8 units

ove 3 strips
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JUANITA I knew I had to take away about 4 strips, so I
did just that! That meant 40 were taken away, so I

put 2 units back. That gave me 3 strips and 4 units
or 34. That seems reasonable.

[T 11]
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remove 4 strips
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Jennifer’s mom had $305 in her checking account
and spent $188 of it. How much money was left in
the account?

To model this story, children lay out 3 mats and
S units to represent $305. They then look for ways
to remove 188 units.

EXAMPLE 2

BILL The answer is around $ 100 because about 2 mats
have to be removed.

ROSE [ wanted to remove a mat, 8 strips and 8 units. I
exchanged pieces to do it.

305-188=117

$117 were left

u I first removed a mat and 8 strips. I did it by taking
away 2 mats and giving back 2 strips. Then I
removed 8 units by taking away a strip and giving
back 2 units.

141
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1]

remove 2 mats

put back 2 strips

remove 1 strip

put back 2 units

The mom had $117 left.

Comparison

Children are also quite familiar with comparison
situations. In Lesson 4, the children found the
difference between two football scores in several
ways. Another comparison is illustrated in Ex-
ample 3 below.

EXAMPLE 3

On a two-day trip, the teacher drove 287 miles on
the first day and 138 on the second. How many
more miles did she drive on the first day?

Each child lays out collections of counting pieces
to represent 287 and 138, respectively.

TED The answer has to be around 200. I know 287 is
close to 3 mats and 138 is close to 1 mat, so the
difference is about 2 mats. (See illustration at bot-
tom of this page.)

RHONDA I compared the mats and the strips; 287 has
1 more mat and 5 more strips than 138, so the
answer should be around 150 miles.

MILES ] added pieces to the 138 to make it look like 287 .
It took 1 mat, 4 strips and 9 units. So the teacher
drove 149 more miles on the first day.

138

Add enough pieces to make 138 look like 287.

E

The difference is 149. 287 —138 =149 or
138 + 149 = 287

———

(Note: A variation of Miles’ method is to match
the pieces of the collections—perhaps by placing
those of the 138 on top of those of the 287. In this
case, one of the units will have to match with a
unit found on a strip. The unmatched pieces will
represent the difference between the collections.)

Thinking of subtraction in terms of finding
differences is very powerful! Your children will be
asked to do this all the way through algebra and
beyond. It gives children some helpful options for
visualizing and determining answers. Imagine, for
example, collections of 16 and 13 units. The differ-
ence between these (3 units) is unchanged if you
add 1 unit to each. In fact, this difference stays the
same if you add (or remove) any equal amount of

I E units from each collection.
287 LW”HH”H
138 1|8
;
o
287 o 300
Ted’s M 8  rounded to
method g _the nearesta
Uu g mat.
1nN ﬁ rounded to
o the nearest
U g “mat. >
138 °© 100
The difference is about 200.
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16 13
: 2
a
w]
add 1 unit remove 3
to each from each add 11 to each

Y Y Y

REPLOBI

17 14 13 10 27 24

ooo
Oooonoo

The difference is always 3 units.

This makes it possible to change the form of a
subtraction problem. In Example 3, above, the
difference between 287 and 138 is not changed by
adding 2 units to each collection.

The difference The difference
between 287 =  between 289 = 149
and 138 and 140

Some children may find it easier to compare the
new collections of 289 and 140.

Notice how this idea may be applied to finding
the difference between 1000 and 167. If 1 is
subtracted from each number, the required differ-
ence of 833 can be found, without borrowing, by
comparing 999 and 166.

Relating addition and subtraction

In Example 3, Miles found the difference between
287 and 138 by adding 149 units to the collection
representing 138. In Lesson S, Elvina followed a
similar procedure when comparing football scores
of 42 and 14 points. She found the required
difference (28 points) by adding units to 14 until
she reached 42.

Both children’s methodsillustrate that addition
is very closely related to subtraction. This “fact
family” is another example of this:

[ 9+5=14 14-9=5 |
[ 5+9=14 14-5=9 |

Children can explore this relationship by exam-
ining different ways to partition a collection of
pieces into two smaller sets. The following illustra-
tion shows two ways of partitioning a mat.

Notice that,in addition, one knows the amounts
in the smaller sets and seeks the total number in
the combined collection.

55+45=7

In subtraction, however, the number of units in
the combined collection and the number of units
in one of the smaller groups are known. The
number of units in the other collection is then
sought.

100-55=7?

It is this relationship between these operations
(often called an inverse relationship) that is the
basis for the traditional way of checking subtrac-
tion by addition.

100 70
-30 +30
70 100

Sketching and symbolizing

All of the examples discussed earlier in this chap-
ter can be modeled on grid paper or with sketches
of counting pieces. The children will recognize
these as options for representing addition and
subtraction problems. They should feel free to
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choose the option they find most helpful in any
given situation.

When your children are ready to make written
records of how they add and subtract, let them do
it in their own style. Below are some sketches our
children made on base ten grid paper.

The children will eventually become comfort-
able with describing their work symbolically and
will enjoy the challenge of inventing written proce-
dures for this purpose. We are amazed at some of
the ways our children record their results.

——
r

“l made 59 look -
—like 148. | need- -
ed 8 strips and -
9 units to do it.” -

\
I\

X RN RO08]  SORa o0on] |-

Plesnd aa

I [N [
#'—--- o s = .f

BN N, HAEA

| | N h Y f

| | ‘\‘ H o |

| N AN Ile] 192

P NG -

“l drew 192 and crossed out 4=+
37 1 mat, 8 strips and 5 units; I
7 units were left.” o

[
!

[ 36 + 45 v PROBLEM 1
ga I 165+ 87 =7
s tie .
i 11 Strategy 1 18 I] %
e o
| E 165 8 g
- 36 i Fa | W2\l + 87 . g
L+ 45 y \I '—1 00 \/—\/\Jcombine
- i 8/: 140 1 o pieces
] 1&l: “We com- 12 g
. bined 36 —= o]
i #|i and 45. We 252 I 5
¥ ) traded 10 i ]
1 —\J+ units for o
41T another o
strip.” i o
"""" 100 +140 +12 =252
Ll ”
il i Strategy 2 step
L )
HiEa /
: 72( ]k 165> 162
-— 36 --HEM
T 38 - "l took away 4 +
: 7 strips and g)elxve ; + 87>+ 90 step 2
[ back 4 units.” 152
T T T Y -IOO
252
I
T
100
| 148
. -59
- i Strategy 3

1. Combine pieces

[

2. Trade 10 units for 1 strip

L7 nmn G
/
y il
Joe-mT T T T 3. Trade
17 10 strips
g for 1 mat
165
+ 87
~ ”HU”HE
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PROBLEM 2
142 -96

Strategy 1

—

[Pl e |

4 units

142 -100+4=142 +4=46

Strategy 2

difference

is 46
142 +4 146
- 96 +4 72100
46
Strategy 3
(97,98, 99, 100)
112 / (110,120,130, 140)
__— o o (141,142)
- 96< g o <€
4 \n
40

+2 counting
46 on from 96

This is not to suggest that the traditional algo-
rithms that we learned are inappropriate. But, we
need to remember that using the traditional algo-
rithms is just one of several effective methods for
working with numbers. In fact, if the children
don't bring up these algorithms, you may wish to
do so.

Practice occurs naturally

In general, practice occurs as a natural part of
working with counting pieces (or diagrams) and
answering story questions. As children develop
number sense, they will devise their own effective
and meaningful methods for computing and solv-
ing problems.

Suggestions for added independent practice are
included in many of the lessons. We also recom-
mend using discussion cards that are designed to
help children strengthen their sense of ten-ness.

These cards are listed in the Materials Guide and
strategies for using them are given in the lessons .

Finally, a good way to motivate practice is to
have your children write and illustrate mathemat-
ics story books. Instructions for making these Tell
It All books are included in the Materials Guide
and a number of the lessons focus on this activity.

Using various calculating options

People usually perform calculations with some
purpose in mind. The context of the problem
being solved, together with the nature of the
numbers used, often determine how a calculation
is made. In some cases, some mental arithmetic
that leads to a quick estimate might be sufficient
(e.g., deciding if one has enough money to buy
items at a store or enough gas to reach a destina-
tion). For computations that are more complex, a
calculator is most commonly used. Even in the
latter instances, people find it helpful to make
estimates that permit them to judge the reason-
ableness of answers.

Traditional paper-and-pencil algorithms are still
valid ways to determine answers. However, the
degree to which they need tobe emphasized in the
classroom has lessened considerably. Certainly,
speed isno longer emphasized as it once was. Also,
as has been discussed, there are other written
procedures that can be used and that children
might prefer.

In general, try to intersperse mental arithmetic
and estimation activities throughout your numera-
tion lessons. Children will become more adept in
mental arithmetic and estimation and at recalling
basic facts as they learn more about place value,
develop a sense of ten-ness, increase their aware-
ness of number relationships and make use of
visual models.

While there are no best methods or hard-and-
fast rules for making estimates or mental calcula-
tions, children often discover ways to use any
specialnumber combinations or relationships that
might be present in a problem. This was demon-
strated in the estimation activity described in
Lesson 2 of this chapter and is illustrated in the
following examples. Children enjoy sharing their
discoveries and procedures and, in so doing, learn
more about these calculating options. In fact, our
children often say, “The best way is the way that
is best for ME!”
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Make a strip..

3+ 7=10. 10+8=18

EXAMPLES OF MENTAL CALCULATIONS

a.3+84+7

«

aes LD
“+

nnoooa o RN

G

vopon o OO |

b.18 +8

“Take 2 from the 8 and give it to the 18. That
makes 20 and 6, or 26.”

“Add 10 (or a strip) to 18. That makes 28. Now
take 2 away to get 26.”

“Make a strip out of the 8 by taking 2 from 18.
Now you have 16 + 10 or 26.”

c.39 +43

Take one from 43 and
give it to 39. This
gives 40 + 42. | see 8
strips and Z units. The
answer is 82.

“Think of adding 4 strips to 39 to make 79. Now
3 more make 82.”

“Imagine adding 4 strips to 43. Now that makes
83, but that is 1 too many. So take 1 away and you
have 82.” '

d. 400 + 400

“I see 8 mats—the answer is 800.”

e. 60 + 50

“I see 11 strips. They make a mat and a strip, or
110.”

“I know 50 + 50 is 100. Ten more makes 110.”

“Take 40 from 50 and give it to the 60. You'll get
100 with 10 extra. The answer is 110.”

“Six and S is 11. But they are strips so you have
11 tens. Ten of these make 100. You have 100 + 10
or 110.”

£.16 -9
“16 — 10 is 6. Give back 1 to make 7.”

“This difference is the same as 17 minus 10.
Seventeen is 7 more than 10, so the answer is 7.”

g.82-68

“Count up from 68. You'll need 2 to make 70,
then 10 more to get to 80 and 2 to reach 82. The
answer is 2 + 10 + 2 or 14.”

“Take 7 strips (or 70) away from 82. That gives
12. But you've taken away 2 extra units. So add 2
on to the 12. That makes 14.”

h. 1100 - 700

“11 -7 is 4. But they are hundreds. The answer
is 400.”

“Iimagine adding 300 to 700. That makes 1000.
Then another 100 is needed to reach 1100. So the
difference is 400.”

“I see 11 mats; if I remove 7 of them, 4 are left.
That’s 400.”

Allow your children access to calculators when-
ever needed. Also, encourage them to think about
the use of calculating options as they solve prob-
lems. How can the answer be estimated? Is an
estimate sufficient for answering the question or is
an exact answer needed? What seems to be an
appropriate way to perform the required calcula-
tions? Should they be done mentally, with paper-
and-pencil, or with a calculator? By considering
questions such asthese, your children will become
confident problem solvers.
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Multielication and Division

Understanding the fundamental operations of addition, subtrac-

tion, multiplication and division is central to knowing math-
ematics. ... Children with good operation sense are able to
apply operations meaningfully and with flexibility. Operation

sense interacts with number sense and enables students to make

thoughtful decisions about the reasonableness of results. NCTM’s
Curriculum and Evaluation Standards for School Mathematics, p. 41

That shows me
that 12 dollars
could be given

That reminds

equally to 3 me of 4 trees
children..and that with 3 bird
theyd each get nests in each.

$4

Chapter S described activities that motivate a
conceptual understandingof addition and subtrac-
tion. In those activities, children model and apply
these operations, become aware of the relation-
ship between them and learn about their proper-
ties. In the words of the National Council of
Teachers of Mathematics, the children are gaining
“operation sense”.

To help children develop operation sense rela-
tive to multiplication and division, the lessons of
Opening Eyes to Mathematics provide many hands-
on experiences and use visual models that help
children understand and apply these operations.
This chapter focuses on the general principles
behind these lessons.

Introducing multiplication
and division

Multiplication and division are two mathematical
operations that often cause difficulty for students.
Even after their school career is far behind them,
people often recall struggling to learn and use
times tables. The problem situations that require
one to multiply or divide, however, are encoun-

tered frequently in everyday life. For example, one
might estimate or calculate the area of arectangle,
how far they could travel on 18 gallons of gas
when averaging 23 mpg, the cost of 6 half-gallons
of milk priced at $1.37 each, the miles per gallon
statistics for an auto trip, or the amount of paint
needed to paint a room.

In all likelihood, your children have had previ-
ous experience with multiplication and division
concepts. They may have counted by twos or
threes to find the total points made in a game or
to determine the number of cookies on a tray.
They’ve had plenty of opportunities to shareitems
and usually know when they have—or have not—
received their fair share. These experiences pro-
vide a natural context for introducing multiplica-
tion and division.

Begin by engaging your children in a “mul-
tiples” search. Have them look for sets that illus-
trate multiples of a number. Begin the search in
the classroom and later extend it to the whole
school building, to magazines and newspapers,
and to their homes. Here are some things that
might be noticed.
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A bunch of us
went for ice
cream last night

Weé each had a

| see 3 stars

on the spine of
each social

studies book on

When | was at lunch,
! saw that each tray had,
6 sect ions.

Have children make displays of the objects
brought in from home and describe the multiples
they see. Encourage the children to describe their
discoveries in their own words and do not be
concerned with “correct” language and symbols.
Their descriptions will often be in terms of re-
peated additions, with familiar symbols used occa-
sionally. The following illustration shows possible
ways to describe groups of tires.

€ach has Pour
Hres.

Modeling multiplication

The results of the “multiples” search offer a natu-
ral setting for modeling multiplication. Square tile
(we use the units of the base ten pieces) are
especially useful for this purpose, as illustrated in
the following lesson.

LESSON 1

TEACHER Larry’s display shows 3 cars, each with 4
tires. I’d like you to represent these sets of tires with
your tile. Imagine that each tile represents 1 tire.
How many tires are there altogether?

TEACHER (After a short time has elapsed.) Would
someone like to show their model at the overhead?

1s1AH (He comes to the overhead.) Sure! I see 3 groups
of tile with 4 in each. Each tile represents a tire.
There is a group for each car. There are 12 tires
altogether.

TEACHER Thank you, Isiah. Does anyone have another
arrangement to share at the overhead?

MONICA I saw the same groups but I arranged them
differently.

I also see 4 groups of 3 in this arrangement—that’s
still 12 tires.

ISIAH Mine and Monica’s are alike—turn mine and you
have hers!

JosH I have another way. I placed the tile like this. I
thought of the tires like they are on a car. See these
are the front tires and these are the back ones.

front
tires

back
tires

I still see 3 fours or 12 tires altogether.

TEACHER That’s nice, Josh. Now, I’'m going to build
Isiah’s way again at the overhead and would like you
to do the same at your desks. Look at what happens
when we move the tile together like this.

MORRIs We get a rectangular array. It looks like one
that was made when we counted by fours.

TEACHER Yes. It’s also like the ones made in Today’s
Array. Can you still see the 3 groups of 4?

ALICE Yes! And if I turn my head sideways, I see 4
groups of 3 as well. Its area is 12 square units.
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NATALIE (She uses linear units to show the dimensions.) I guess this could be called a 1 by 12 array! That’s

The dimensions are 3 and 4. It’s a 3 by 4 array. like laying all the tires out in a line.
< 4 > The children discuss further Judy’s array and
,T\ I_ - _I then model other multiplication and division
stories with their tile.
3| I In Lesson 1, the children formed rectangular
\L I I arrays using 12 square tile. In this program, arrays
— e —— of this sort are used to model multiplication and

division concepts (see Insight Lessons 78 and 79
and the Today’s Array component of the Calen-
JosH Look, you can make a rectangular array out of my ~ dar). As examples, the arrays in the following
way, too! (He lays out his model again at the illustration demonstrate that9x8=72,6x5=30,
overhead.) I can push the tiles into a rectangle like 7 X 3 =21 and 17 x 8 = 136, respectively.
this.

Lo g I:IEI_>
L0 oo oo [ 30 |

6 T squares ]

TEACHER We can also call it a 4 by 3 array.

< § <—5—>

72
A EEEREE | A |_E —_6— __>I 9 squares \L
—> 2 6 by 5 array

| | vl _ | (or 5 by 6)

TEACHER Yes, you have just made a 2 by 6 rectangular
es, y ve just made a 2 by ang : 9 by 8 array <« 7>
array with your 12 tile. What can be seen in Josh’s (or 8 by 9) 4\ pe
? 1

array: 3 || squares
JosH Well, I think of the top row as the 6 front tires and \v L 11

the bottom as the 6 back ones. I see 2 rows with 6 in 3 by 7 array

each. (or 7 by 3)
ANDY Turn Josh’s array like Monica did earlier. (He < 17 >

does so at the overhead.) Now I see 6 groups of 2.

8 136
> squares

8 by 17 array (or 17 by 8)
I guess that’s like pairing a front and a back tire

together in each group. This model is sometimes called the area model of
multiplication because products can be represented
by areas of rectangles and factors by the corre-
sponding dimensions of the rectangles.

Juby Hey! I made another one! May I show? (She comes
to the overhead) I arranged my tile like this at first.
I thought of each of these groups as a car with 4 tires.

o o o [ T ) The product
5 -7 :
ngn; feushed them together and I got a long, thin ‘ \L . ared = 1 ?ég?aﬁgfg's
< 6—>
LITT I TITTTT] fg;&gsrz:{:dby
\ dimensions. 'J
LN | In this model of multiplication, it is important
< 12 > todistinguish the area of a rectangular array from 49

its dimensions. Here is a summary of these con-
OPENING EYES TO
cepts: MATHEMATICS




50

OPENING EYES TO
MATHEMATICS

Numeration: Multiplication and Division

* Rectangular array: an arrangement of square
tile that form a rectangle.

rectangular I
array not rectangular arrays

¢ Area of a rectangular array: the number of
square units used to build the array. In the
earlier examples, each tile represents a square

unit.
11213] The are? of this
rectangle is
4[516 6 square units.

¢ Dimensionsofarectangular array: thelength
of adjacent sides of the array. Dimensions are
measured in terms of units of length (linear or
line units). In the picture below, the unit of
length is the edge of a square tile.

B_ 1 square
= unit
A M

I The dimensions

1 unit of 2 I of this rectangle
length ‘v — - Vlare2and3.
<3 >

¢r"“7
Vi____|

T ———

| The dimensions
of this rectangle
are 3 and 4.

¢ Identifying a rectangular array: an array is
often referred to in terms of its dimensions.

A A
2 3
v {
<3 >
A2by3 <—4—
(or 3 by 2) array. A3b

{)4
(or 4 by 3) array.

Note: In reporting a numerical value for an area
or dimension, it is important that the unit of
measure is known. This will generally be clear
from the context. Forexample, if itis reported that
the area of a rectangular array is 12, it is under-
stood that the unit of measure is a unit square.

You can help your children clarify their under-
standing of area and dimension with exercises
such as:

* Form an array with 10 tile on a piece of paper

or on the overhead and make an outline of it
that shows the number of linear units along

each edge. Remove the tile and identify the
dimensions of the array.

> | |

Area = 10 square units

Dimensions are 2 and 5

¢ Form the outline of 3 by S rectangular array,
using linear units that have been cut to a
length equal to the side of a square tile (see
Materials Guide). What are the dimensions of
this array? Now use tile to form the complete
array and identify the area. What is the area of

the array?
5
| I | |
3] | | |
9
_ I I L L1 |
Dimensions are 3 and 5 \V

Area = 15 square units

When discussing exercises of this sort, try to
gain insight into how your children are thinking
by asking them to describe exactly what they are
counting when reporting an area or dimension.

Modeling products of whole numbers with rect-
angular arrays is closely tied with the traditional
view of multiplication as repeated addition. In
Lesson 1, for example, the children were able to
see both 3 sets of 4 and 4 sets of 3 when looking at
a 3 by 4 rectangle. This is also a visual way of
observing the commutative nature of multiplica-
tion.

Modeling division

The “multiples” search can also motivate an aware-
ness of division situations. While discussing the
children’s displays, pose questions that illustrate
both the sharing and the grouping methods of
division. Ask them to model these problems with
square tile.

Question 1 (grouping): Joan's display shows
packs of gum that have 5 sticks each. Suppose she
has 30 sticks. How many packs does she have?
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5 sticks for
each pack

30 + 5: grouping method

“There are 30 sticks of gum. Each tile represents
one stick. If each pack has 5 sticks, there will be
6 packs.”

Question 2 (sharing): Suppose Joan wishes to
divide her 30 sticks of gum evenly into 5 packs.
How many sticks would go into each pack?

5 packs

30 + 5: sharing method

“There are 30 sticks of gum. Each tile represents
one stick. If | divide them evenly into 5 packs,
each pack will have 6 sticks of gum.”

Like multiplication, both types of division situa-
tions can be represented by a rectangular array.
The tile used in the two illustrations above can be
moved together to form a 5 by 6 array.

CLLLTT]
CLLLTT]
LT
LITITT]

N/

5

\]

<— 6—>

In terms of arrays, the division problems of
Questions 1 and 2 can be modeled by a rectangle
that has area 30 and one dimension S. The re-
quired quotient is the other dimension of this
rectangle.

? sticks for
<< 7 packs > <<-each pack>
5 sticks A
foarcﬁaCh | 130 sticks L_| 5packs| | 30 sticks] |
P L1 -
11 \/ 1]

For each question, 30 + 5 is the missing dimension.

A single rectangular array therefore models the
following types of questions:
Multiplication: What is 5 times 6?—or—What

is the areaof a §

A

5

\]

by 6 rectangle?
<— 6—>

5 x 6 is the number of squares

Division: What is 30 divided by 5?—or—A

rectangle has an

area of 30 and one dimension of

5. What is the other dimension?

A

5

\]

30+5i

< 7—>

| 30 squares__|
[

L1
RN

s the missing dimension

This is a useful way to think about the inverse
relationship between multiplication and division.
It is this relationship that makes it possible to use
multiplication to check a division problem.

6

5

30

check: 5 x 6 =30

Using rectangular arrays
in the lessons

Rectangular arrays can be built directly from base
ten counting pieces, drawn on grid paper, sketched
freehand or pictured mentally.
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Give children experiences of representing ar-
rays in these different ways. They can then best
judge which is most appropriate for a particular
situation.

In the Insight lessons, we have suggested a
progression of activities that use arrays to develop
multiplication and division concepts. Pace the
lessons according to the needs of your children.
Here is a summary of these activities.

A. Stories and applications

Lesson 1 and the previous discussion illustrated
how arrays can be connected with problem situa-
tions that are familiar to children. Emphasize this
association as much as possible. For example, after
the multiples search has been completed, ask the
children to make up multiplication and division
stories that are modeled by arrays. A favorite
activity for doing this is “Rolling for Rectangular
Arrays”.

EXAMPLE 1

The children roll a 2 and a 5 with number cubes.
They then form a 2 by 5 array with tile and create
a story related to it.

5

“There were 2 boys with 5 pennies each. How
many pennies did they have altogether?”

“Two frogs ate S flies each. How many flies were
gobbled by the hungry frogs?”

“There were 10 boys and they wanted to form 2
teams that have the same number of players. How
many were on each team?”

“There were 10 cookies and Sue wanted to put 2
on each plate. How many plates does she need?”

After having more experience with multiplica-
tion and division patterns and concepts, the chil-
dren can analyze problems you pose or they sug-
gest (see Lessons 3 and 4 of this chapter). They will
also enjoy creating books of stories that are bound
together for all to enjoy. (Directions for making
these books are included in the Materials Guide.)

B. Number patterns and basic facts

Once your children have been introduced tomod-
eling products and quotients by buildingrectangu-
lar arrays, they will be ready to explore the pat-
terns formed by multiples of numbers. Prepare
displays of arrays that show the first 10 multiples
of 2 through 9, respectively. Have the children
shade each of these sets of multipleson ahundred’s
matrix and discuss the patterns that are created.
(See illustration of number patterns on following
page.)

Using the foregoing diagram of a hundred’s
matrix, pose questions such as: What patterns do
you notice? If the patterns are extended, would 80
be shaded? How about 69? or 132? How can you
tell?

This is an appropriate time to introduce the
language and symbols associated with multiplica-
tion and division.

4

3| 12squares

Multiplication Division
3x4=12 12 + 3 = 4
\/ 1 | | |
factors product dividend divisor quotient
34 =12 4
304 =12 3 ,1 2
12=4x3

By attaching number statements to their arrays,
your children will have pictures of the basic facts
of both operations. (See illustration in the second
column of the next page.)
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Number patterns illustrated

4

1 [ITT] 4 squares

2 EBE 8 squares

3

10

12 squares

16 squares

20 squares

24 squares

28 squares

32 squares

36 squares

40 squares

4
1
1 [OIIT] 4 squares 4§

4
2x4=8 8+2=4
2 EB'__‘B 8 squares 4x2-8 8+4=2
4

3 12 squares

(continued through 4 by 10 array)

Encourage the children to organize this work
into booklets. These will then be available for
reference purposes in later lessons. We like to have
them make individual books of matrix patterns
and a classroom book of array displays of mul-
tiples of 2 through 10. The children use these
booklets, as well as calculators, to help them
predict how these patterns can be extended.

The children will also enjoy singing number
pattern songs, such as Two’s Shoes and Slicing by
Fives, to remind them of arrays and think about
multiples. These are on the cassette tape that
accompanies the Musical Array-ngements booklet
of this program. (Tape and booklet are available
from MLC.)

c. Visually determining products
and quotients

In the area model for multiplication, the number
of square units (or area) in a rectangular array
represents the product of two numbers. Products
can be determined by using various visual tech-
niques which children will enjoy discovering.
This is exemplified in Lesson 2 in which children
search for “hidden” arrays contained within a 3by
S rectangle.

LESSON 2

TEACHER Please build this array with the units from
yourcounting pieces. (She builds a 3 by 5 array at the
overhead while children build their arrays.)

5

TEACHER What multiplication problem is represented
by this array?

MIA The dimensions are 3 and S, so the array shows 3
times 5.

CURTIS It takes 15 units to make up the array.
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TEACHER How did you decide that there are 15 units,
Curtis?

CURTIs (He stands at the overhead.) I can see 3 sets of
S, so I counted by fives—S, 10, 15. So 3 x 5 = 15.

5
5
5

There are 15 squares, so 3 x 5=15.

TEACHER [ see. Can anyone see the 15 in another way?

LORNA If you split the array like this, you can see 9 and
6. (She demonstrates at the overhead.) So, 9 plus 6
equals 15.

| 1]
— 9 —4- 6 -
squares fsquares

9 + 6 =15 squares

TEACHER Thank you, Lorna. You and Curtis both found
some arrays that are hidden in the 3 by S rectangle.
What are the dimensions of Lorna’s hidden arrays?

TRICIA She made a 3 by 3 and a 3 by 2. That’s 3 x 3

=9and3x 2=6.
2
3x5=3x3+3x2
31 3x3 [3x2]3 =9+6
=15
3

TEACHER (Arranges the pieces into a 3 by § rectangle
once more.) Yes, she did. Can anyone find any other
hidden arrays?

The lesson continues with the children describ-
ing other hidden arrays. Here are some other
possibilities.

¢\(——5——>

3 2x3

2x2

[ 2x3=6
¢ 1x5 2x2=4
! 1x5=5

3x5=6+4+5=15
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< w—>>
[
QA X

1x3=3
| |

3x5=6+6+3=15

< 5 >
| | I
T 2% 2 3x3=9
3 =1
¢1xi=2
|

3x5=4+2+9=15

< 5

\L 1x15=5|

3x5=10+5=15

>

Notice that, in each case, the 3 by S array has
been subdivided into smaller rectangles. The prod-
uct of 3 x § is then found by summing the areas of
the smaller rectangles.

This process for determining products is very
important in mathematics—it demonstrates the
distributive property of multiplication. It provides
your children with a visual way of learning and
recalling basic multiplication facts. Here are two
examples of this:

< 9

Sy,
>

A

()
x
W
Il
w
o
(o))
x
i

24

6x9=6x5+6x4
=30+24
=54
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BN}

7 X

7x8=7x34+7x5
=21 +35
=56

It alsolays the foundation for helping them find
larger products. Challenge them, for example, to

not be enough money since there are 54 children, but
it will be close!

3

FTHA

Y

| [
There are 15 strips. Ten represent $100 an

the other five $50. That's $150 altogether.
e ' 100 ‘

50

GRoOUP 3 We estimated that about 3200 would be
collected. There are about S0 kids and if each pays
about 34, that would give $200. We chose 4 because
we could make imagine 4 x 50 or 20 strips in a
rectangle. Ten strips make 100, so 20 of them will
make 200.

find collections of base ten pieces that can be < _ 50 >

arranged intorectangles. Have them total theareas 4 RN EEEEEE =

of these rectangles and describe the products that el b L

are represented. (See illustration at the bottom of 20 strips or $200 in all

this page.) , . . .

In the following lesson, the children combine We aren’t sure if that is more or less money than is
the use of arrays with some mental arithmetic to needed. We used fewer kids but a larger price!
estimate and compute the cost of a field trip. TEACHER These are all interesting methods. Would we
LESSON 3 need to know exactly how much money is to be

collected?

TEACHER Our grade is going to have to raise enough JUANITA Well, I think so. That way you’d be sure each
money to go on a field trip at the end of the year. It’s ~ person will be able to go.
gor'ng to cost each child 33 dollars anc'i there are 54 MYRNA Couldn’t you just check each person’s name off
children. About how much money will we need to th id? That dk that )

Hect? as they paid? That way, you’d know that everyone’s
cortect: paid, but you wouldn’t need to count all the money.

The children work in groups for a short time. UNG I think the people who are getting the money
TEACHER Could we please have some group reports? would want to know the exact amount. That way

they’d b th t the right t.

GROUP 1 We decided that more than $150 are needed. ey’ De sure they 80 the nght amoun
Thereareabout 50 children. Instead of payingthe $§3 ~ TEACHER What is the exact amount? Seeif you can find
all at once, each child could pay $1 at a time. Every ~ some ways to calculate it.

Zme th;;}; do t‘hzs, ;to glvg’so $520T17f—;}’5‘é do this three 6 lesson continues with the teacher encourag-

mes. That gives 50 + 50 + 50 = ) ing the children to find as many ways as they can

GROUP 2 We thought of a 3 by 50 rectangle. There will ~ for answering the question. As time permits, these
be 3 groups of S strips. That’s 3 times S or 15 strips.  ways are shared and the exact answer is compared
Each strip is like $10. Ten of them will be $100. Add  with the previous estimates. Some possible meth-
in the other 5 tens and there will be $150. This will ods (see next page):

<12 —> < 21 > < 14 —— >
m T T T
¢ : o 14 x14=

g == . |- 100+ 80+ 16 =

VE 200 i0 14z *196

8x12

R
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50 TEACHER Could you show that with tile?

ANDREA (she stands at the overhead.) Each tile is a
cookie; take 4 at a time and imagine giving each
neighbor 1 of them. You can do this 10 times.
(Andrea begins to lay out tile.)

Oo000ooooc
00000000001

CO00000000CD
O00000004ac>

54 “Each neighbor gets at least 10 cookies.
x3 That uses 40 cookies.”
1 gg JOAN You can use strips to show what Andrea’s done.
8 You’ll get a 4 by 10array. (Joan makes and describes
4 4 the following array.)

<— 10 ——>
4 40 cookies |
“The 4 reminds me of the 4 neighbors.
Each gets 10 cookies.”

Rectangular arrays can also be used to find
quotients in a visual manner. We saw earlier how , .
arrays such as the one shown below are helpful for MILLIE Yes, but there aren’t enough to give each person

learning basic facts. 20. You would need 80 cookies to do that! (She
comes to the overhead.) If you make Joan’s array
<« 7?7 ——> longer with 4 more strips, you’ll get 80. That’s too
many.
10 10
6 48 squares 4 |
80 cookies

The missing dimension is 8 8 TEACHER S0 each person should receive between 10 and

s048+6=28 " 6)48 20 cookies.
Larger quotients, including those with remain- The teacher now asks the children to determine
ders. can be found'in a similar way. the exact number of cookies each person receives.

Here are two methods that could be used.
LESSON 4

JEREMIAH Each person gets 10 cookies for sure. That
uses 40 of them. Begin with a 4 by 10 array and add
more fours until all 68 cookies have been used. Five
more fours will use 20 more—that uses 60 of the
cookies—now 2 more fours uses the other 8. Looks
like each person gets 17 cookies. That makes sense

ANDREA That’s a lot of cookies! I'd like to be one of her and agrees with our estimates.
friends! You could do it by fours. Take 4 cookies at
a time and give 1 to each friend. Do this until all the
cookies are gone. I know you could do it more than
10 times because that would only use 40 cookies. 4t
Each person will get more than 10 cookies!

TEACHER Jennifer’s mom has 68 cookies that she wants
to give to her 4 neighbors. If she wants each of her
friends to receive the same number of cookies, about
how many cookies should each person get?

< 17 >
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DIANE: Start with a 4 by 20 array. That’s 80 cookies. jllustration A
Now remove sets of 4 until 68 cookies are left. That
will make 4 rows of 17 cookies.

) >

Strategy 1

< H >

\/

< 9

remove 3 T
sets of 4
Both of these methods lead to an array that
contains 68 square units and has one dimension of 6
4. The other dimension is 17 and this represents
the quotient 68 + 4.
Had there been 69 cookies instead of 68, the
same model could be used. There would be 1 extra
cookie as shown here.

“| see 6 rows of 9 each.” 6Xx9=>54

< 17 > .
A O Strategy 2
4 remainder < 10
69 cookies T """""""""""
The extra cookie could also be split evenly 6l
among the 4 friends so that each receives 171/4
cookies.
< 17V >
A I
4 i “I thought of 6 times 10 6x10=60
\¢/ H and took away 6.” -6
69 cookies 34
As with addition and subtraction, when your Strategl 3

children are ready to make written records of how
they find products and quotients, encourage them T

to do it in their own style, using their visual
models as guides. It will be fun for them to invent
procedures for describing their work symbolically; 6 |
they may surprise you with some of their meth-
ods. Here are samples of what we have observed.
(See illustration A.)

The traditional paper-and-pencil procedures for
multiplying and dividing also take on meaning “I'imagined making rows of 10.
when developed from visual models. (See illustra- I could make 5 of these. The bottom
tion Bon thefollowing page.) Some of the children’s row then is left with 4.”

methods may suggest these procedures. If not, you 2 10 >
may wish to present them as other alternatives. T g

=TT
n
"
teaalteaal

=

Area models for multiplication and division
appear throughout mathematics, so the children }
will encounter them again in higher grades. Chil- 5 i -
dren soonlearn that the same kinds of pictures can l

be used to describe problems involving large num-
bers. (See illustration C on the following page.)
They will find themselves solving both basic and
difficult problems with understanding and confi-
dence.
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illustration B

fllustration C

23
x 28

24 3x38)
160 (20 x 8)

60 (3 x 20)
400 (20 x 20)
644

band

of width

-1 10

5)87
50 (1 band of width 10 uses 50 units)

37 37 units are left

: ren;a:ir;czler
of 10

1 band of [ 1:bana of i

width10 | width1 &

1 band of |7 bands of "

width 10 [width 1

11 (The required quotient -
15)175
150 (1 band of width 10 uses 150 units
25 leaving 25 units to be distributed)
15 (1 band of width 1 uses 15 units)

10 (10 units remain)

17 < (The required quotient is a
5)"25‘ band of width 17)
50

37
35 (7 bands of width 1 uses 35 units)
2 (2 units are left)
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d. Special numbers and factors:
primes and composites; odd and
even numbers; 0 and 1

In Lesson 1 the children discovered that it was
possible to form several rectangular arrays with 12
tile.

<—6 —> @
2} i

Nine and 14 are examples of other amounts of
tilethatcan be arranged into an array in more than
one way.

a)
- 9 — 35  <«3>

WCITTTTTTTT A

< W

b)
< 14 >
|

AEEEE

< T
2

9 and 14 are composite numbers.
They each have more than two factors.

The above arrays show that 12, 9 and 14 each
have more than two factors.

1x12=12 1x9=9 1x14=14
3x4=12 3x3=9 2x7=14
2Xx6=12

Numbers that have more than two factors are
called composite numbers. Other examples of
composite numbers are 4, 21 and 100. These
numbers can be represented by rectangles in more
than one way.

Some numbers have exactly 2 factors and can be
represented by a rectangle (with dimensions that
are whole numbers) in only one way. These are
called prime numbers.

UEEEEEEE

13
JEEEEEEEEEEEER

7 and 13 are examples of prime numbers.
They each have exactly two factors.

In the above description of a prime number, the
orientation of a rectangle is disregarded. For ex-
ample, the following rectangles are considered to
be the same because one can be made to fit exactly
on top of the other.

WWITTTTT] [

Thenumber 1 is special. It has only one factor so
it is considered neither prime nor composite.

You can initiate a discussion of prime and com-
posite numbers by having children construct the
different rectangles that can be formed with a
given number of tile. We usually do this by form-
ing arrays of tile that correspond to the date of the
month or the number of days school has been in
session (See illustration on top on next page from
“Today’s Array” in the Calendar Extravaganza.)

As children model numbers in this fashion, they
notice that 1 and O are very special factors. The
product of any number and 1 is that number,
whereas O times any number is 0.

They also notice that if they try to form arrays
thathave a dimension of 2, some amounts of units
have 1 left over while other amounts don’t.

2 4 6 8 10
] | | I |
1 3 5 7 9

This is a visual way of thinking about odd and
even numbers.

Calculating options

Children will be able to analyze multiplication
and division problems more confidently and
successfully if they can make sound estimates of
the answers. We usually include estimating as a
natural part of any discussion on problem situa-
tions (refer to Lessons 3 and 4 of this chapter).

Children find it helpful to think about multiples
of 10 when estimating products and quotients.
They often do this by combining some mental
arithmetic with a picture of an array. Examples 2
and 3 illustrate this.
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Today is the 16th day of March

6 T N .
— g Py e N NI T Dimensions: 8 and 2
L . EREEEREEEREN i it 1) line units
> = 6/ Factors: 8 and 2
N . Perimeter: 20 line units
""" Dimensions: 1 and 16 line units
Factors of 16: 1 and 16
Perimeter: 34 line units
/!
112i3:4:56i7i8:9i10{11:12113:14i1516 /-
R _ — Area: 16 square units

| Area: 16 square units 16 5":“ 16 g é
1 116=16 16+16=1 1 oo e %o

1601=16 16+1=16 ¢ 8e2=16 16 16

- 16 = 8(2) 2
116)=16 1 =
16(1)=16 16)T6 " 16=2@8) g)1g _8
X 2)16
16 = 16(1) 1)Ji 6
16=16+1 16
EXAMPLE 2 Strategy 3

Estimate 17 X 7.
Strategy 1

“The answer should be close to 20 x 7. 1see a 7 by 20
rectangle. That will be 70 + 70 or 140.”

EXAMPLE 3

“The problem is close to 20 x 10 or 20 strips. This

Estimate the answer to 98 divided by 6.
makes 200 since 10 strips are 100. Seventeen times

7 will be less than 200.” < ? >
Strategy 2 T
1 98 squares
Strategy 1 E 10 :
6 60 squares
“The answer should be about 20 x 7. That’s 14 tens.
Ten of these make 100. The other 4 give 40 more. So
60 the answer is close to 140.”
“The answer is more than 10 since 10 x 6 is 60.”
OPENING EYES TO
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Strategy 2
< 20 >
i 60 squares 60 squares

“We want to make a rectangle that has 98 square
units. One side must be 6. If the other side is 10, that
would make 60 squares. If it's 20, that would make
60 plus 60 or 120 squares and that’s too much. The
answer is between 10 and 20.”

Strategy 3
<— 10 —><—5 —>1
! ,
6 60 squares 30 squares
i 3
©
1<
£
v

6 squares

“Six times 10 is 60 and 6 times 5 is 30. So 15 sixes
make 90. The answer is more than 90. There's also
room for one more 6 with 2 left over. That makes an
answer of 16 with 2 remaining.”

Children also enjoy discussing different ways of
mentally computing simple products.

EXAMPLE 4

Multiply 14 X 4.
Strategy 1

<— 10 —><— 4—>
¢ | | |

1 T
4 40 16

l l [l
\ ] |
“1 see 10 fours—that’s 40. Four more fours is 16, so
40 +16 = 56."

Strategy 2

«—— 10 —>< 5 >

NI u

4 40 20

remove 4 squares

“Ten fours are 40. Five more are 20. So you get 40 +
20 = 60. Now take a 4 away and you have 56.”

Strategy 3

< 14
A

4

v

Y

»L becoming

<7 —>

“Think of a 14 by 4 rectangle. You can make a 7 by
8 rectangle out of it.  know 7 x 8 = 56,50 14 x 4 =
56, too.”

Remember there is no one best way to make
estimatesor calculations. Please refer back to Chap-
ter 5 for the discussion of this. Of course, paper-
and-pencil procedures and calculators are there to
be used as needed!

Providing practice

As with addition and subtraction, practice with
multiplication and division occurs naturally as
children solve problems. We have included sug-
gestions for independent practice throughout the
program. We also recommend the use of discus-
sion cards that are designed to help children
visualize and use rectangular arrays. These cards
are listed in the Materials Guide and strategies for
using them are given in the lessons.

You will find that, as your children develop
their sense of number and of operations, they will
feel comfortable with multiplication and division
problems and devise meaningful ways of solving
them. As adults, we hope they will remember their
school experiences with multiplication and divi-
sion as challenging and fun.
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Measurement is of central importance to the curriculum because
of its power to help children see that mathematics is useful in
everyday life and to help them develop many mathematical
concepts and skills. NCTM’s Curriculum and Evaluation Standards for

School Mathematics, p. 51

From the time when people first kept track of
sunrises and seasons to today when a child wants
to know their height or a person wishes to carpet
a floor, measurement has been an important ap-
plication of mathematics.

Accurate methods for measuring were devel-
oped only after many centuries. At first units
varied as people typically used body parts or famil-
iar items as measuring units. (Some of these are
listed in Table 1 below.) Your children might
enjoy learning more about the history of these and
other units, many of which are still in use.

Table 1

span

cubit

hand

foot

1 jigger = 2 mouthfuls

1 jack (or jackpot) = 2 jiggers

1 jill = 2 jacks

1 cup =2 jills

1 pint = 2 cups

1 quart = 2 pints

1 pottle = 2 quarts

1 gallon = 2 pottles

1 yard = the distance from the nose to the
thumb of England’s King Henry I

Today our children need to learn about and use

| think this

box of crayons
will weigh about
as much as the bag
of dirt. The scale
should balance.

icsworks to develop a sound “measurement sense”
in children.

Measurement sense has many of the same quali-
ties as number sense. People with good measure-
ment sense understand the process of measuring.
They recognize the kinds of measurements re-
quired in problem situations and select appropri-
ate measuring units and tools for obtaining them.
They can also make helpful estimates and judge
the reasonableness of their answers.

It is important to engage children in many
hands-on activities that help them experience and
understand the process of measuring. The follow-
ing discussion summarizes this process.

Length, area, volume and weight

There are several attributes of an object that are
commonly measured, such as length, area, vol-
ume and weight. Children need to distinguish
among these and recognize the questions related
to each.
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Table 2 below contains information about each Which of these glasses holds more? How can
of these attributes. , you decide?

Help your children learn about these attributes
by having them observe or directly compare ob-
jects to determine their relative size. Problems
such as the following are useful for this purpose.

Take out the pencils in your school boxes. Are
they the same length? Please arrange them in
order from shortest to longest.

Which
of these
lasses

Not this
__ onel

This one is shorter than yours
but longer than the others. I+
should be next.

Look at these two regions. What are some ways
to figure out which has the larger area?

each divided in half, which half would be longer?

Encourage the use of different strategies for
making these comparisons. As an illustration, in
the last problem above, some children may lay
/ oneregion over the other to see if any information

presents itself. Others may cover each region with
their hands, cards or tile and then compare. Still
others might cut up one of the regions, in order to

Table 2
Attribute Description Some Standard Units
length measures distances inch
foot (12 inches)
centimeter
meter (100 centimeters)
area measures in square units square inch
the amount of surface square centimeter —
covered by a flat region
volume the amount of space occupied cubic centimeter -
by a solid or the capacity of cubic inch
an object (i.e., the amount cubic foot
an object can hold) cubic meter
milliliters (1 cubic centimeter equals 1 milliliter)
liter (1 liter = 1000 milliliters)
pint, quart, gallon
weight measures how heavy an pound
object is ounce 63
gram, kilogram OPENING EYES TO
MATHEMATICS
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rearrange the pieces on top of the other in a
helpful manner.

Using standard
and non-standard units

All measurements are obtained in the same gen-
eral way. An appropriate unit of measure must first
be chosen. The attribute being measured can then
be described in terms of this unit.

Area Volume

Unit D'I square Unit@1 cubic
centimeter centimeter

The area is 24 square N

centimeters. “I would guess that it

will take about 80 units
to fill the box. The
volume is about 80
cubic centimeters.”

Units such as those listed earlier in Table 2 are
examples of standard units. They can be used to
communicate measurements accurately. An area
of “12 square centimeters” can be understood by
allbecause a square centimeter is fixed in size. Two
regions with this area are pictured below. Notice
that the areas are the same even though the 12
squares are arranged in two different ways.

Unit D 1 square centimeter

The area of each rectangle is 12 square centimeters.

It is possible to measure with non-standard
units—ones that do not have a fixed size or that
have different meanings for people. However,
these can lead to conflicting answers and to mis-
communication. Consider the problem of mea-
suring an area with beans. Because the size and
shape of beans vary, more than one answer can be
reported.

Despite the ambiguity that accompanies non-
standard units, there are good reasons for asking
children to measure with them. Children find
them very tangible and meaningful.

Work with non-standard units also establishes a
need for standard ones. If children experience the
difficulty in communicating or agreeing with an-
swers expressed in non-standard units, they then
begin to recognize the usefulness of standard
units. Here are some problems that cause children
to reflect upon these difficulties.

e Divide the class into small groups and ask
each group to fill several plastic bags with a
prescribed amount of dirt (say, an amount
they would guess to be about the weight of a
bag of 35 hex-a-links). Give the bags a name,
perhaps “Trid” (that’s dirt spelled backwards).
Ask each group to determine the Trid weight
of several designated items or find an object
that weighs exactly S Trids. Have the groups
compare results. Ask your children to think
aboutbringingan item from home that weighs
4 Trids. Would they be able to do this easily?
Would they face any obstacles?

¢ How big is the top of your desk? Use your
hand to find out. How many hands did it take
to cover it? Will everyone’s answer be the
same?

The area of my
desk is about 30
of my hands.

It only takes

cover mine.

i

b \
A,
Wi

e Ask each child to draw a line on their chalk-
board and investigate ways for determining
its length without using a ruler. Is your line
longer or shorter than your partner’s?

around 20 hands to
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It only took
2 pencils to be as
long as my line.

It took 7 jumbo
paper clips to be as
long as my line.

As children work these problems, they can dis-
cuss such things as:

¢ the difficulties encountered in using Trids,

especially if each child’s Trid weighs a differ-
ent amount.

¢ the lack of agreement that comes from mea-

suring areas with hands

* the problems of comparing lengths that have

been measured with different units.

Their ideas for overcoming these difficulties can
prompt a discussion that suggests the use of stan-
dard units.

* Find out how many pounds equal a Trid and

then use a scale.

¢ Use just one person’s hand to cover and mea-

sure the desks or, better yet, use some tile that
are the same size.

* Have everyone measure their lines in the

same way, perhaps with a ruler.

The measurement lessons of this program pro-
vide activities with both non-standard and stan-
dard units. Depending on the children’s previous
experiences, you can adjust the amount of time
spent on each type of unit.

You can use many classtoom items to make the
transfer to standard units easier. For example, the
strips of the base ten counting pieces are 20 cms
long and can be notched on the back sides to be
used as centimeter rulers. Similarly, tape measures
can be created from strips of grid paper. Usingsuch
close-at-hand materials will prepare your children
for work with various rulers and measuring tapes.
In the same way, your children’s experiences with
calibrated jars, wooden cubes and rectangular
arrays will prepare them to use standard units of
volume and area.

Choosing appropriate units

In any measurement situation, one must select a
suitable unit of measure. Children need to learn
about the general nature and use of units to enable
them to make such selections. They will need to
keep in mind two things:
¢ They may arbitrarily choose a unit of mea-
sure, as long as it is consistent with what is
being measured. For example, they must use
a unit of length to measure lengths.
¢ The size of the object should be considered
when selecting a unit of measure.

PROBLEM 1

How would you measure the length of this line?
Would you measure the longest wall in the room
in the same way? Why?

In this problem any units of length could be
used to obtain the required measurements. Chil-
dren might use inches, centimeters, feet, or the
length of a paper clip or popsicle stick, to name a
few. However, depending on the lengths of the
line and wall, they may choose a different-sized
unit for measuring each one.

PROBLEM 2

Would you measure the distance between two
cities in feet or in miles? Why?

Similarly, in this case, one can measure the
distance between two cities in terms of feet, but
how much more convenient to use miles. (Of
course, if the distance is being determined from a
map, then one might have to work with a scale
that uses inches.)

Children will also learn to use units appropri-
ately if they have a sense for how the units are
related and if they can form helpful pictures of
them.

PROBLEM 3

Will you need more paper clips or popsicle sticks
to measure the length of this table? Will you need
more inches or feet?

I+ will take more
paper clips than popslcle sticks
to measure the table.

Left’s just use
popsicle sticks.
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PROBLEM 4

Make a space between your thumb and forefinger
thatis approximately 1 cm. Now look at this book.
About how many centimeters wide do you think
the book is?

My book will
be around 20

centimeters wide.

Once our class was determining the length of a
row of potatoes. The children first made estimates
in terms of the edge of a hex-a-link cube. When we
gathered around the floor to measure the length
more exactly, we paused after 10 to 12 hex-a-links
were in place to ask if anyone wished to change an
estimate. Sean called out, “I can tell right now that
we are going to need 56 to 58 cubes for sure!” Why
was he so confident? He had seen that 12 cubes
could be laid out along a floor tile and that the
entire “potato train” was a bit shorter than the
length of five tile!

If children can carry an image of an inch or a
square yard in their minds or can sense what
twenty pounds feels like, then they will have
established useful references for future estimation
and measuring.

Estimation and measurement

Wedon'trealize how often we make estimates and
then act upon them. Is this parking space big
enough for my car? Do I have enough time to go
to the grocery store before my meeting? Is there
enough paint to finish this job? Can I make it
home and back on this tank of gasoline?

We've become experts at “eyeballing it” and
need to provide experiences for our children to
practice this skill as well. Give your children lots of
practice with predicting and comparing. They will
enjoy developing strategies for making sound es-
timates and deciding how to use approximations.

EXAMPLE 1

It takes me about 12 steps
to walk across this room. Each of my
steps is a little less than 1 foot. So the
room is probably around
11 feet wide.

EXAMPLE 2

| see that this row across the floor
has a little more than 15 tile in it. Each
tile is about &8 inches on a side, so the room
should be a little more than 120 inches
wide. That's about 10 feet.

Children who routinely estimate before measur-
ing are likely to think more carefully about the
task at hand. This gives them a greater sense of
ownership in their work and a means for judging
their answer. Problems like the ones below can be
addressed more confidently with the help of ap-
propriate estimations.
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PROBLEM 5

Look at these containers. How many of container
A will fill container B? Which container will hold
about one-half of container A? Which holds about

two-thirds as much as A?
«W

Canyoufind an object that weighsabout 5 pounds?
Are there any items in the classroom that weigh
approximately 20 grams?

PROBLEM 7

sz

2

PROBLEM 6

(With Logo) Try to get the turtle through this maze
in the fewest number of steps.
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Time and temperature

A child’s sense of time and temperature can vary
widely. How do your children feel when they’re
told it’s 10 minutes to bedtime; when they are told
there are 5 hours to go on a trip; when they jump
into a swimming pool?

Because units of time and temperature cannot
be counted as concretely as those of physical
lengths or areas, we approach these topics in a
different way. We do this as part of the Calendar
Extravaganza.

For developing time sense, the Clock Reading
Component of the Calendar Extravaganza has
proven to be very successful. It contains experi-
ences designed to increase children’s awareness of
when events occur and how long it takes to com-
plete various tasks.

e It is 9:30 in the morning. How much longer
until lunch time? What will you be doing at
9:30 tonight?

¢ Do you think you can make a 14 x 17 rectan-
gular array with tile in 5§ minutes?

¢ How long do you think it will take you to put
everyone’s name in alphabetical order?

We also feel that it is important to talk with
children about time, teaching them to respect it
and use it wisely.

During the second semester of the year, the
Calendar Numberline can be adjusted to look like
that of a thermometer (including negative num-
bers). The children can post daily temperatures
during the calendar lesson and discuss the varia-
tion that occurs. Do they feel the changes in any
special way? How accurate were the weather
forecaster’s predictions for the week?

Temperature patterns that affect us in more
general ways can also be discussed. These include
body temperatures and seasonal temperatures
found in nature. Why does a frog bury itself in the
mud each winter? He notices quite a difference
between the temperature of the air and that of the
mud!

Planning

As you plan your instruction, keep in mind the
following considerations.

Provide your children with measuring experi-
ences that use a variety of materials. Many of the
materials suggested in the lessons can be brought
in from home; others may have to be purchased.
See the Materials Guide for a listing of the main
items needed.

Consider integrating this unit into other areas
of study. For example, science and measurement
are so interrelated that they are hard to separate.
Where would science be without calculations,
comparisons, estimations, etc.?

Measurement also plays an important role in
social studies. What percentage of the world’s
supply of oil is produced in Iraq? How does a
timeline make a sequence of events easier to re-
member?

Special care must be taken when using certain
items for measuring. For example, if lengths are
being measured with the help of square tile or hex-
a-link cubes, it is the edge of each of these objects
and not the object that is the unit of measure. If
children are not aware of this, they are likely to
inappropriately identify lengths with measures of
area or volume.

Both metric and non-metric units are used in
the world, and our children should grow in their
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understanding of each. Treat each system in a
natural manner and do not emphasize exact con-
versions between them. Provide opportunities for
your children to develop a sense of the size of the
different units in each system and to learn when
and how to apply them appropriately.

Once your children have developed a sense of
“ten-ness” from the numeration lessons, they will
find the metric system a very natural one to use.

Conclusion

People use measuring processes in many daily
activities such as cooking, cutting and sewing
clothes, hanging wallpaper and reading a map or
globe. In fact, their sense of measurement often
permits them to correctly do this in ways that are
quite different than the formal techniques gener-
ally taught in schools. Help your children develop
a comfortableness with measurement that will
serve them well throughout life.




8 Fractions

An understanding of fractions and decimals broadens students’
awareness of the usefulness and power of numbers and extends
their knowledge of the number system. It is critical in grades K-4
to develop concepts and relationships that will serve as a foun-
dation for more advanced concepts and skills. NCTM’s Curriculum
and Evaluation Standards for School Mathematics, p. 57

Only 1 of
the 3 of us has

I,eople have used fractions for centuries, princi-
pally for measuring. The ancient Egyptians solved
the problem of sharing 6 loaves evenly among 10
people by giving each person o of a loaf. How-
ever, because they only understood fractions that
had a numerator of one like 2 or V5, they reported
the answer of o as V2 + Yo.

Our units for measuring time were conceived of
as fractions and come from ancient Babylonia: 1
minute was defined as %o of an hour and 1 second
as Yo of a minute.

Today, fractions are used extensively in many
applications of mathematics such as measure-
ment, probability and statistics. Children need to
work comfortably with fractions since they are
such animportant part of our number system. Our
goal is to help your children extend their sense of
numbers to include fractions. We want to open
their eyes to fractions through activities that pro-
vide visual models for thinking about them.

Beginning experiences
with fractions

Children generally have had some experience
with fractionsin the course of sharing things. This
might be cutting an apple in half, spending a
quarter of a dollar or giving a friend a third of a
pizza. Find out about their previous experience

and add to it by working with fractions in physical
situations. Here are two lessons that do this. Ad-
just them to fit the needs of your class. You will
also find other ideas in the Calendar Extravaganza
(see People Fractions).

LESSON 1

TEACHER I'd like half of you to stand over here and the
other half to remain seated. How should we do this?

MARTHA We could all stand and then pair up. Then one
person from each pair can sit down.

BRIAN How about counting the number of children? We
could split that number in two. That will tell us how
many should stand.

JENNIFER Perhaps we could do it by rows. Start at the
front and then have every other person stand up.

sUSAN I have an idea! Just have half of the people in
each row stand.

TEACHER These are all suggestions worth trying.
Each method is tested.
TEACHER How do you feel about these procedures?

MARIC Well, when we stood up and paired off, it
seemed to be OK.
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JUANITA That’s because we have 26 children and half
of 26 is 13, so 13 had to sit down.

SUSAN There’s a bit of a problem with my idea. If a row
has 5 people, then there will be a person left over.
Either 2 will stand and 3 will sit or the other way
around.

JOHN That will happen whenever there is an odd
number of children in a row.

TEACHER Can anything be done with the left-over
people?

SUSAN Sure! Half of them could stand!

JENNIFER Yes! I see another possible problem. If the
number of children in the class is odd, we won’t be
able to have exactly half of them stand. That didn’t
happen today.

LIBBY (With a smile) Well, if we have an odd number,
maybe we could split the extra person in half!

TEACHER You each have some nice thoughts. To have
exactly half the children stand, we need to divide the
class into two equal groups. We can do this if the
number of children is even. We can come pretty close
if our class has an odd number of people in it.

The lesson continues, perhaps by investigating
the problem of splitting the class into thirds. The
teacher encourages further observation by the
children with questions such as:

If we can divide the class into 3 equal parts, what
fraction of the class is formed by each part? (15)

Is it always possible to split the class exactly into
thirds? (No. For an exact split, the number of
children must be a multiple of 3.)

Are there more people in V2 the class or in 13 of
the class? (/2)

When we split into thirds, did the total number
of children change? (No)

LESSON 2

TEACHER Here are 3 cookies. How can they be shared
equally by 4 children?

RANDY: [ think I'd try to split each cookie into 4 equal
parts and then share the parts. Each person would
get 3 of the parts that way.

22\ N
R\

Each persons gets 3/4 of a cookie

AMY Here’s another way! You could split the first 2
cookies in half and give each person half a cookie.
Then split thethird cookie into 4 equal parts and give
each person one of the parts.

BOD

Each persons gets half a cookie plus
one-fourth of a cookie.

/8 Shon

WAVYNE If you do that, each person would get half a
cookie and a fourth of a cookie.

RUBY It looks like each person gets more than half a
cookie, but there isn’t enough for one cookie each.

TEACHER Is each person’s amount closer to half a cookie
or one cookie?

RUBY It’s exactly between!
TEACHER Come show us how you decided that.

RUBY (Standing at the overhead.) Each person gets half
a cookie and a fourth of a cookie. If you put another
fourth with it you make a whole cookie and if you
take a fourth away you get half a cookie! So it’s right
in the middle!

v O

Add /4 cookie

and 1 whole
cookie is formed.

Take 1/4 cookie
away and 1/2 a
cookie is left.

Lessons of this sort will give children a rudimen-
tary insight into how fractions are created and
used. In particular, they will see how a unit (or
whole) can be subdivided into equal parts. In
Lesson 1 the unit is the group of children that is
being evenly split. In Lesson 2 Randy treats a
cookie as awhole, dividing each into 4 equal parts.
Amy also sees each cookie as a whole unit, but
makes 2 different divisions. Also during the les-
sons, the children use appropriate language to
describe other observations about numbers and
the relative size of fractions.
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The role of the whole or unit

The concept of a whole establishes a context for
thinking about fractions in a meaningful way. For
example, when people are asked to imagine “one-
half”, some may think of half an apple, while
others might visualize half a dollar or ¥3 as a point
on a number line.

In working with fractions, your children must
first identify the whole that is being used. This
whole might be anything that can be subdivided
into equal parts. Some possibilities are individual
objects (such as an apple), collections of objects
(like a group of children), lengths or regions.

A B

Ht—-H

The length AB is
divided into eight equal
parts. The length of
each part is one-eighth

The apple is divided that of AB.
into two equal parts.

Each part is one-half

of the apple.

create these experiences in the school room using
Fraction Bars, pattern blocks and other materials.

Fraction Bars®

Fraction Bars® are a wonderful tool for helping
children picture fractions clearly.*

1242 or whole bar 34 bar
Fraction Bars are particularly useful for compar-
ing fractions. We see the %2 and 3 bars have the

same amount of shading. The same is true for the

The rectangle is divided into 16 equal parts.
The area of each part is 14 6 that of the entire
rectangle.

If children overlook or don't recognize the whole
that is being used in a problem they may have
difficulty solving the problem. Provide experi-
ences for the children in recognizing the whole
and encourage them to verbalize their under-
standing with phrases like “one-third of the whole
apple” or “one-third of the whole basket of apples.”

Sometimes, too, children may be confused by
the physical size of a unit. One-third of Sherry’s
whole apple may be much smaller than 13 of
Rob’s. Are they really each 13, even though they
are not equal in size? Yes! But they are 13 of
different wholes!

Understanding fractions

In your fraction lessons, use appropriate language
and emphasize the development of concepts. Help
children establish visual models for thinking about
fractions; introduce symbols as they become mean-
ingful.

The more concrete experiences children have
with forming fractions and identifying the corre-
sponding wholes, the more they will be able to
visualize fractions and use them in their world. We

V3 and 442 bars.
L

LT

143 is equivalent to 442

| ]

1/2 is equivalent to ¥

We can show that the ¥3 bar has more shading
that the % bar.

15>14

Our fraction activities begin with People Frac-
tion Bars. (These bars are made from different
colors of poster board, with one side shaded with
slash marks—see Materials Guide). The following
dialogue illustrates the use of these People Frac-
tion Bars.

Four children come to the front of the room,
each holding 1 of the 4 parts that have been cut
from a blue bar. They show the unshaded sides to
the class.

*Fraction Bars®is a registered trademark of Scott Resources, Inc.
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TEACHER What do you notice about these children?
josH Well, 3 are girls.

The three girls turn their bars over so that the
shaded sides are exposed.

“This shows that 34 of the children are girls and that
V4 are boys.”

MARIE | see something else. None of them are wearing
sweaters.

All four children show the unslashed sides once
more.

The children at their desks make a graphic
record of each of these People Fractions as shown
here:
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4 of Hhe chldren aryils,

N O A |

9/4 are wearing swealers,

| L | 1
EL 1 C |
|

This activity is replicated later in a small group
setting using similar bars cut from colored con-
struction paper. These, too, have slashed lines on
oneside (see Materials Guide). We call these Group
Fraction Bars as each group shows fractions that
convey information about itself.

“In our group, % of us wear glasses.”
’

After these activities, have children examine a
complete set of individual Fraction Bars (see Mate-
rials Guide). Distribute sets and invite the children
to share their observations. Some things they
might observe are:

The bars are all the same length.

There are different colors.

‘Some are shaded, though the amount of shad-
ing is not always the same.

If more of a bar is shaded, then less of it will not
be shaded.

All the bars of the same color have been divided
into the same number of parts. The number of
parts that are shaded are different.

Some bars have no parts shaded. (These are
called zero bars.)

Some bars are completely shaded. (These are
whole bars.)

The parts of the red bars are smaller than the
ones of the green bars. The more parts there are,
the smaller each part will be.

Sometimes the shaded part on one bar matches
the shaded part on another bar.

The children are then able to refer to the bars as
they describe and compare fractions.
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TEACHER Please take out the green, yellow and red bars
from your set.

TEACHER (She holds up a % bar.) Will someone describe
this bar?

RONDA I will! It has 6 parts that are all the same, except
that 2 have been shaded. Two-sixths of the bar has
been shaded and % is not shaded.

TEACHER Yes, Ronda. Now, are there any other bars
that havethe same amount of shading as this % bar?

josH (Demonstrates at the overhead.) I have one. The
yellow bar with 1 part shaded will work. This is the
fraction V3. The Y3 and % bars have the same
amount of area shaded.

MELISSA There is no green bar that has the same
amount shaded as the % one. It looks like the yellow
Y3 bar has less shaded area than the green one that
shows V2.

1 /3

stu That'’s like before! We found out that Y5 of our class
is less than Y2 of it.

The children explore further. As an example,
they notice that the V2, %4 and 3 bars all have the
same amount of shading. The children thus have
a model for thinking about equivalent fractions,
with an entire bar being a unit. They can also
compare bars that do not have the same amount
shaded and determine which of the correspond-
ing fractions is larger.

56> 243

The 3% bar has
more shaded area
than the 24,

The extra amount
of shaded area is
16 of a bar.

The difference between
S and 243 is V.

Pattern blocks

Children enjoy using pattern blocks to make de-
signs and observe how they fit together. The
blocks are especially helpful for thinking about
geometric concepts such as properties of shapes,
angles and symmetry. Their regularity makes it
possible to model fractions in a hands-on manner.
Here are some ways to do this.
¢ Ask the children to find different ways for
covering a yellow hexagon with other pattern
blocks. Some typical solutions are:
a. two red blocks (trapezoids)

L

b. six green triangles

%R

c. a red trapezoid, a blue diamond and a green
triangle

2

d. two blue diamonds and two green triangles.

&>
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» Ask the children to consider the yellow hexa-
gon as a whole and to then discuss what parts
of the hexagon are shown by other blocks.

MYRNA The red trapezoid shows V2 of the hexagon.

oTis Three diamonds placed on a hexagon show ¥3.
Two-thirds of a hexagon is represented by 2 of the
diamonds.

PETER A hexagon and a green triangle shows 1%
hexagons.

OWwW

» Tell the children to suppose that ¥/3of a whole
is represented by a green triangle. What else
can be observed?

JENNY Three triangles will be a whole. This means the
red trapezoid will be a whole, too.

AN VAVARN

1/3 of whole one whole

MELINDA The blue diamond will show %3 of a whole.

ANVAYY A

113 of whole 2/3 of whole

JAMES The hexagon will show 2 wholes. It is made up
of 2 trapezoids and each of them is a whole.

173 of whole

74 2 trapezoids = 2 wholes
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More fraction activities

The Contact lessons contain many fraction activi-
ties that use materials related to things in the
child’s world (football, peanuts, stamps, etc.). Also,
lessons related to other areas of the curriculum can
provide experiences with fractions.

» Science: Suppose you have planted 1 bean in
each of 5 cups. Stop each day to ask what
fractional part of the beans have sprouted or
have leaves? If 2 of them have yellow leaves,
you might have your children make a Frac-
tion Bar that shows this by folding a strip of
paper into S equal parts and then coloring 2 of
the parts yellow.

%5 is shaded yellow

e Social studies: After studying the seven conti-
nents, look for places to use fractions as part
of a review. For example, what fraction of the
continents have parts that are in the southern
hemisphere? Create a Fraction Bar or pie chart
that shows this.

¢ Health: Perhaps you have a picture of 6 food
products. Sort them using fractions, such as,
“% of these foods provide calcium for the
body.”

It’s important for your children to think about
fractions in many different contexts. Their under-
standing of a whole and of the meaning of frac-
tions will be reinforced. Also, you can discover and
discuss any misconceptions they may have.

Building mental images

Children soon form useful mental images of frac-
tions as they work with manipulatives such as
Fraction Bars and pattern blocks. They will find it
helpful to refer to these images when thinking
about relationships among fractions. The follow-
ing exercises from the lessons illustrate this.
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Close your eyes and try to imagine %3. Describe

what you see.
\%
Y

| thought of covering a
hexagon with 3 diamonds.
2 of the diamonds cover
%/5 of the hexagon.

A7
| see a fraction bar
divided into 3 equal
parts. 2 of the parts
are shaded.

What do you think a Fraction Bar that shows 7
looks like?

I'll fold a strip of paper
into 8 equal parts and

i ( about one-fourth

Abouthow much of thelineis tothe left of point
A in this picture?

A

L
BN

N
7

Point A is

along the line. 4

amount shaded to greatest amount shaded.

Arranged
from
smallest
to

largest

Conclusion

The fraction models discussed in this chapter,
along with the mental images that grow from
them, are very powerful. Your children will use

these many times in years to come as their experi-
ence with fractions grows.
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9 Probability

Statistics and probability are important links to other content
areas, such as social studies and science. They also can reinforce
communication skills as children discuss and write about their
activities and their conclusions. Within mathematics, these
topics regularly involve the uses of number, measurement,
estimation, and problem solving. NCTM’s Curriculum and Evaluation
Standards for School Mathematics, p. 54

People have to make decisions throughout their
lives. When these decisions require a prediction
about the future, often the element of chance
must be dealt with. When this is the case, a
knowledge of probability offers the option of
decidingon thebasis of theoretical laws of chance.

Historically, probability was first studied be-
cause of people’s interest in gambling. Now, how-
ever, decisions and forecasts in fields such as
business, weather, sports, medicine and insurance
rely on probability theory. Dealing with probabil-
ity in mathematics requires the use of fractions,
decimals, percentages and graphing.

Probability is fun! Children regularly encounter
chance in the games they play with one another.
They think about the moves that are available to
them, trying to decide which is best, and who got
more “breaks” in the game. This awareness of
chance can be broadened by informal explora-
tions of probability concepts in the classroom. We
have included many such explorations in the
Contact Lessons of this program. This chapter
describes how they might be conducted.

spin have a better
chance of being an

Does the next

s or another p?

A,

Determining probabilities

A probability is an estimate that an event will or
will not occur. For example, the weather forecaster
predicts a 20% chance of rain for tomorrow or a
child thinks there is a 50-50 chance of winning a
coin toss at the start of a game.

Probabilities may be determined in different
ways. One method is to make an estimate on a
theoretical basis as shown in the following illus-
trations.

There are 3 even
and 3 odd numbers. If |
toss the cube, an even
number should turn up
half the time.
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Each section is the
same size. The chance
of spinning a 5 is |
out of 6.

The children in the illustration have theorized
that any one number on the cube or the spinner is
as likely to turn up as any other number.

A second way to estimate probabilities is to use
data from an experiment or simulation as a predic-
tor. Forexample, if a basketball player has made 60
out of 80 free throws, it may seem reasonable to
say that the player’s chances of making a free
throw are 6%go or 75%. Insurance companies use
this approach to probability to measure risks when
setting premiums.

People sometimes make estimates on a purely
subjective basis. They may have no previous expe-
rience to guide them. Perhaps they wish to follow
their intuition regardless of other information;
they might place a bet that feels “right” to them,
even though it means going against the odds.

In practice, estimates can change as new infor-
mation about a situation is uncovered. For ex-
ample, a person might feel that a coin is “fair”
(evenly weighted) and estimate the chances of
tossing heads to be 50%. Suppose, however, the
coin is flipped 100 times and heads comes up on
only 20 tosses. How can theseresults be explained?
Perhaps the coin is actually fair and the number of
heads and tails will balance out if more tosses are
made; perhaps it is fair, but the tosses have not
been random. Or maybe the coin is not fair after all
and there is actually a greater chance of tossing
tails. The person must judge which explanation
seems most reasonable in a given situation.

Probability experiments

Children enjoy conducting experiments where
the outcomes are determined by chance. In so
doing, they strengthen their intuition about what
might be expected to occur and they gain experi-
ence with gathering and analyzing data. The fol-
lowing Contact lesson illustrates this.

Contact Lesson 14:
Apples—Probability and Statistics

You will need

e Chapter 9, Probability

e a transparency of Blackline 101 (9-Section
Spinner)
for each group of four children

¢ a spinner prepared from Blackline 101

¢ a copy of Blackline 58 (Apple Probability)

¢ (optional) Blackline 81 (Observation Record
Sheet)

Your lesson

Display your 9 section spinner and explain to
your children that the letters a-p-p-I-e-s-e-e-d are
to be written in its sections. Let them determine
their placement.

Discuss the following questions:

If you make 20 spins, which letter do you think
will be spun most often? Which letter do you
think will come up the fewest number of times?

Once their predictions have been shared, have
the groups make 20 spins and construct a bar
graph of their results. Ask the groups to present
their results to the class.

Group 1 Group 2

o XXX [ XX | XX

Group 1: We spun ethe most, just as we guessed.
We didn’t think @ would come up more than p,
since p was on two sections, but it did. We didn’t
get any I’s which was a surprise.

Group 2: We spun p and e the same number of
times. We thought we’d get more e’s. The other
letters came up about the same amount.

When everyone is ready, pool the results as
shown here, and then address the questions listed
below.
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Letier| Sping
a 14
p 24
1 8
S 16
e 40
18

Questions for discussion
How closely does the data compare with what was
predicted? What might explain any differences?

What might be expected to occur if the experi-
ment were repeated or if more spins were made?

Is it possible that one of the single letters could
turn up most often? Is it probable that this will
happen?

What fraction of the results were a’s? What
fraction were e’s? What fraction of the results were
p’s? Why?

How do the results from each group compare to
the pooled results of the entire class?

Does each letter on the spinner have an equal
chance of being spun? Why or why not? If not,
how could the experiment be changed to give
each letter an equal chance of being spun?
Teacher Tips
It is natural to expect that eand p should turn up
most frequently. Theoretically, if the spins are
random, the chances of landing on eand p are %
and %5, respectively. If this doesn’t happen, it may
be that not enough spins were made or that the
manner of spinning was not random. Also, be-
cause 20 is a fairly small number of spins, the
pooled results may differ from the results of indi-
vidual groups. Theoretically, the combined totals
of all the groups should be in closer agreement
with what might be predicted in this experiment.

The children may have various ideas for making
the outcomes of this experiment equally likely.
One might be to use a spinner that has six sections
of the same size and to place one letter—a, p, /, e,
s, d—in each section.

Another is to adjust the original spinner so that
the amount of area for each letter is the same.

Lesson 1 illustrates several important points

about probability experiments:

¢ The children first made predictions about the
outcomes of the spins. This developed their
awareness of probability and gave them some
ownership in the experiment.

¢ Each group generated data for the experiment
by making 20 spins. This information was
then organized into a graph and results were
pooled. Tossing number cubes and drawing
lots are two other ways for gathering data in
experiments of this sort. A computer simula-
tion could generate a large quantity of statis-
tics to analyze.

e In planning the experiment, the teacher con-
sidered the following questions: What infor-
mation is needed? How will this information
be gathered? How many times should the
experiment be repeated? How should the data
be organized and shared with others?

Itis also helpful for children to take partin the
planning process. In Lesson 1, for example,
they could be asked to think of other ways to
conduct the experiment. One possibility would
be to place in a bag nine identical slips of
paper, each marked with one of these letters a,
p, p. 1, e s, e eand d. Then do the following 20
times: randomly draw a slip from the bag,
record the letter and return the slip to the bag.

e The data was analyzed after the experiment
was completed. Generally, this includes dis-
cussing questions such as: Did the results
agree with what was predicted? What might
explain any similarities or differences? What
conclusions might be drawn from the data? If
the experiment were repeated, what might be
expected to happen?

All of the probability activities in this book
revolve around the above points. The activities
will help children develop a sense for what might
reasonably be expected to happen in a chance
situation. We keep the instruction informal and
don’t focus on assigning specific percentage prob-
abilities to the outcomes of an experiment.
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Collecting, organizing, describing, displaying, and interpreting

data, as well as making decisions and predictions on the basis of

that information, are skills that are increasingly important in a
society based on technology and communication. NCTM’s Curricu-
lum and Evaluation Standards for School Mathematics, p. 54

4

Only the first
one shows the names
of the 3 of us with

brothers and
sisters.

In today’s world, statistics crop up everywhere
and people must be able to use and interpret them
in a meaningful way. Understanding basic statis-
tical concepts enables one to make informed deci-
sions in the workplace and as a consumer. For
children, this means providing experiences that
require them to order, compare and analyze data.
This includes working with graphs, since graphs
are commonly used to summarize and display
statistical information.

Many lessons in this program ask students to
examine and graph sets of data and to draw
conclusions about them. This chapter describes
the general nature of these activities and the types
of graphs that are frequently used.

Collecting and Analyzing Data

Children find many kinds of data interesting. Our
children enjoy learning about themselves, look-
ing at results from sports or probability experi-
ments and examining information related to the
monthly Contact themes. In the following les-
son, the children use people and bar graphs to
describe where they live.

Brothers and Sister

L'_E] )

Brothers and Sisters

Only Brothers
On\y Sisters

Poth
None

~J

have no brothers
or sisters.

LESSON 1

TEACHER I’m just so curious about where you live! I'd
like to know if you come from the city or the country.
How could I find out the answers and remember who
lives where?

MYRA Just ask!
TEACHER I’d get 25 answers at once!
MARIO Ask us one at a time.

TEACHER If I ask each of you individually, I'll forget
before everyone has a turn. You must think I have an
elephant’s memory!

CARLOS Perhaps we could form two groups—one for the
country and one for the city.

TEACHER Okay, let’s do that right now.

After the children have made this “live” graph,
ask them to make a bar graph torecord where they
live.
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| Where Do You Live?

i,ﬂ"gec,-’t"y XIX[X XXX
Ifllivein

t

the iy ?I:x xg‘glg}gﬁ'i}xxxxxx

The purpose of a graph is to visually display
information so it can be readily understood. Once
a graph has been constructed, always take time to
see what it tells.

TEACHER We need to make our graph talk to us now.
How can we make it tell us some information about
where you live?

JENNIFER Newspaper cartoons show people talking with
little bubbles of conversation. Each of us could cut a
bubble from paper and write on it what the graph
says to us —cartoon style.

OTHER CHILDREN Yeah! We like the idea of a talking

graph.
More children live in There are 27 kids
the country since in our class.
15>12 ou\, 15+12=27.

T
the city xxxxxxagxxxxx

pany their written statements with supporting
number sentences or sketches.

If your children are at a loss for words, youmight
stimulate their thinking by asking such questions
as: Did more of us live in the country or in the city?
Was the number of those living in the city an odd
or even number? How many children are present
today? Do more of our boys live in the country or
the city?

When finished, post your graph and the accom-
panying analysis in the classroom or hall for
everyone to enjoy! This will remind your children
of the fun they shared when making the graph.
Also, other teachers might see new ways to incor-
porate graphing into their curriculum.

More ways to graph

Theentire graphing process provides many oppor-
tunities for students to make decisions. The chil-
dren will enjoy deciding how to record data when
making a bar graph. Instead of shading the frames,
they may suggest filling them with initials, checks
or stickers.

10 children
brought lunches
didnt. 10

More of us
brought lunches
today.

and
is 3 more than 7.

I live in

h
zofmtry XXXX'}XX&IL(_IXXX']IXXXX

Since 12 of the 27 boxes
are in the city row, '</27
of us live in the city.

Conversation bubbles are just one way of re-
cording observations about graphs. Here are some
other methods that can also be used.

» In a large group setting, record the students’
observations on chart paper posted near the
graph.

» Have students work in small groups and chal-
lenge them to record as many statements as
possible on paper. When they finish, post the
papersnear the graph and discuss the findings
of each group.

» Divide the students into teams of two and ask
each team to write a question about the graph
on a sentence strip. Post the questions and
discuss them.

As the year proceeds, encourage the students to
incorporate mathematical vocabulary and sym-
bols (such as more than, <, fractions, =) in their
findings. Eventually, they will be able to accom-
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| Did Yon?Bring Your Lunch? |

/ brought

my lunch. E@ :
/ didnt. ll‘ @

The difference between
the rows is 3.

They can also share their thoughts about such
questions as:

What kind of data is needed? How shall it be
collected and displayed? What inferences can be
drawn from the information?

A graph can add meaning to related mathemati-
cal topics. For example, the chart below summa-
rizes the results of tossing two number cubes in
Lessons 160-161, Crossing the Mississippi.
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Sums

The results of a Crossing the Mississippi
game. Each block represents one toss.

Based on these outcomes, one might predict
that sums close to (or equal to) 7 are highly likely
to turn up when the cubes are tossed. Why is this?
Why did a sum of 1 never turn up? Sums of 3 and
11 came up about the same number of times, will
this always happen?

Used in these ways, graphing can help young
peopleexplore mathematics, observerelationships
and become better problem-solvers.

Using a variety of graphs

There are many types of graphs that can be used in
addition to the bar graph illustrated above. Some
suggestions are:

Egg carton and pom-pom graphs

Pie or circle graphs

| found this neat

last night.

We have included blacklines of pie graphs for
classes ranging from 18-35 children.

Line graphs

DANDY FOOD RECEIPTS
_—\ N

350,000

325,000 (‘Wm/ﬂ uter!)—

300,000 cﬂl’r/

275,000 et

250,000

225,000 /

200,000

175,000

150,000

125,000

100,000
75,000
50,000

25,000 I
wk wk wk wk wk wk wk wk wk
1 2 3 4 5 6 7 8 9

Line graphs are especially useful for displaying
information that has been gathered over a period
of time. An alternative to drawing dots and con-
necting lines is to use push pins and join them
with yarn or string.

How We Get Home TT

Wolkers ) :

Cor Riders M 6

Bus WL HL :

Other | (@l

) i ei®
Tolel ]| Wow! There are less
10 : \ than half as many car |

Coubﬂ(m_.

riders as bus riders.

pie graph in Dads

baseball magazine
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Other types of displays

children

225000065 H{( )
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pattern blocks

1 like to
eat fish

balance scale
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I take flouride

il

None of that
stuff for me

tally graph
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the bus
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% Nl AT
less than 9 years more than
9 vears

old 9 years
MY AGE

117

Ziplock bags and straws

football basketball baseball

library pockets

Whenever possible, make your graphs reusable
by laminating them before labeling. After each
use, the labels can be erased and the graph stored.
Permanent markers write well on lamination. The
marks can be erased with fingernail polish re-
mover, hair spray or duplicating fluid. Vis-a-vis
markers also work and can be erased with a tissue
or paper towel.

For more graphing ideas, use the many weather
related graphs in the Calendar Extravaganza.

You may wish to use different graphing strate-
gies or topics. The lessons give some examples
which can be changed to meet the needs of your
classroom. As you develop this personal touch,
you will find that your children will respond more
positively to the activities.

To help children see that different types of
graphs can show the same information, first gather
data on a piece of chart paper. Challenge the
students to display the information in different
ways. For example, one group of four can create a
bar graph, another can make a pie chart and a third
a pom-pom graph. The children will enjoy com-
paring the various displays, noting similarities
and differences, and discussing which display
seems to convey the information most effectively.

Keeping all the children involved as a large
group graph is beingcreated can be a problem. You
can have each child make an individual graph of
the information being discussed. Keep a supply of
appropriate blacklines for this purpose. Thus, all
children can remain on task as the information is
being recorded. This also provides each child with
the opportunity to become physically involved in
the whole graphing process. Our children are
tickled to have a personal copy to take home.
Before the graph goes home, we make sure that

hex-a-link
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each child has labeled the graph and included at
least one analytical statement.

You can help children connect these graphing
experiences to the graphs found in environmental
literature. Newspapers, magazines and textbooks
are full of many types of graphs. Encourage your
children to share the examples they find. When
possible, recreate the graphing style that is being
displayed. For example, we like to cut a weather
prediction graph from the newspaper and post it
in the room. We then make a blank replica of this
graph and record the actual weather as it occurs.
We can then observe how well the forecaster has
done for the week.

Finding averages or means

The word “average” is very familiar. We often
speak of such things as an average family, batting
averages, test averages or average temperatures. In
statistics, the word refers to a number that can be
used to summarize a set of data as shown in
Example 1.

EXAMPLE 1

In her first 7 basketball games, Lisa scored 4, 7,13,
13, 11,9 and 13 points, respectively. She averaged
10 points per game.

The average reported in this example is often
computed as follows: (4+7+13+13+11+9+13)/
7 =70/7 = 10. It is also known as the mean of this
set of data.

There are two other averages that are used in
statistics: the median and the mode. The median
refers to the middle value in a set of data. If the
point totals of Example 1 are listed in order from
smallest to largest, we have 4, 7,9, 11, 13, 13 and
13.The median is 11 since there are 3 values below
it and 3 above. The mode is the most frequently
occurring value and in Example 1 itis 13.

The averaging lessons of this book refer to the
mean—the median and mode will be studied in
later grades. This type of average is related to the
process of making things even and can be thought
of visually as shown in Examples 2 and 3.

EXAMPLE 2

Form 2 columns of tile, one of height 9 and the
other of height S and then even them off so that
both columns have the same height.

|

HEEEEEE

HENEEEEEE

u
H
7.

The average of 5 and 9 is

EXAMPLE 3

Find the average of 4 and 11. This may be done
by evening off columns of 4 and 11 tile so that
both have the same height.

HEEEEEEEEER

HEEEEEN]

]
is

The average of 4 and 11 is 7/
Children find this process a very natural one
since they make things even all of the time. They
divide cookies equally, make relay teams even and
make sure they get their fair share of the time in
thefrontofthecaronatrip. Storiesrelated tothese
experiences can be used to introduce averaging.

LESSON 2

TEACHER Rob and Abby took pennies from their piggy
banks to purchase candy from the convenience store
on the corner. Abby began to feel badly because she
had more pennies than Rob. So guess what she
decided to do.

LUCAS She decided to share with her friend so they
would have the same number of pennies.

TEACHER That’s right. Will you lay our two columns of
tile to represent Rob’s 7 pennies and Abby’s 11
pennies? I'll also do so at the overhead.

Wait until all are ready.

TEACHER Will you now move the tiles to make their
pennies even?

CLARK [ have a way!

TEACHER Please show-and-tell.
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CLARK Sure! I just moved 2 from Abby'’s line to Rob’s
line. Now they both have 9.

L ——= ||

| | | move2 | | -
from

— [ Abbyto [ —

| |1 Rob - -

Abby Rob Abby Rob

TEACHER Thank you, Clark. Would someone else like to
show a different way to make the pennies even?

TERESE Yes! (she comes to the overhead) I put the tile
together and divided them into 2 even columns. I did
this by pairing them 2 at a time. That made 9 in
each.

] otlected O L1—>[]

| together I:‘ tile g

| u Ny pae E%
U/
2=

| L—JD
; - 18|:|

HEEEEEEEEEE

-

1

TEACHER That’s nice, Terese. If the pennies are shared
equally, then each child would have 9. There is a
special name for the 9 pennies in this story. We call
it the average of 7 and 11.

The lesson continues with the children repre-
senting other pairs of numbers by columns of tile
and then finding the average of each pair by
evening off the columns. This way of modeling
the process of averaging can be extended to sets of
more than two numbers as shown in Lesson 3.

LESSON 3

On the average, how many times would your
children “hit the bull’s eye” if they threw paper
wads at the waste basket? Conduct the following
experiment to find out.

Divide your class into two teams and conduct 5
rounds of shots. In each round, every childisgiven
an opportunity to make a basket. At the end of
each round, ask the children to represent their
successes with a column of tile and to discuss the
average number of successes at that point. Then,
after S rounds have been completed, have them
determine a final average by evening off the §
columns of tile for each team. The illustration
below shows the results of one experiment.

Team 1 Team 2 |—i
1 2 3 4 5 1 2 3 4 5
round round

Discussion after each round:
Team 1

Round 1: Five is the average so far.
Round 2: Our average is up a bit.

Round 3: Whoops! It looks like the average will be
below S.

Round 4: Yeah! Our average went back up. It might
even be above 5!

Round S: Looks like the average will be close to 5.
Team 2

Round 1: Three is average so far. We need more to
catch the other team.

Round 2: Our average came up. Still need more to
catch up.

Round 3: Wow! Our average looks like it will be more
than 5! Looking good!

Round 4: Oops! What a bummer! Average is back
down.

Round S: Nice job. We think the average is close to S.

The next two illustrations show how the aver-
age number of successes per round for each team
can be determined visually.
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"Average is exactly 5.”

“It would have been higher if the third round
hadn’t been so low!”

“The second and fourth rounds helped.”

Team 2

- L

i

The leftover tile is one
out of the 5 cubes
needed to make 6 in
each column. The
average then is 5V.

}‘l leftover tile

—
—

[

The leftover tile can be
divided into 5 equal
garts. The parts can then

e distributed among the
five columns.

The average then is 5%.

“Our average is higher! If
we hadn’t done so well
on the third round,
though, we’d have been
hurting!”

Notice the discussion that takes place after each
round in this lesson. This helps children develop
their sense of how large an average is and how it
can vary. Notice, too, the two different ways Team
2 thought about the extra tile it had when deter-
mining its final average.

EXAMPLE 4

The average of larger numbers can be determined
by evening off collections of base ten pieces.
Example 4 illustrates one way of doing this.

Find the average of 47, 55 and 66

Step 1: Lay out counting pieces for each number.

Step 2: Begin “evening off” by moving 3 units
from 66 to 47

0000000 <€

ooofon) -~

Ooogo

47 55

Step 3: Exchange a strip in the 63 for 10
units; give 5 to the 50.
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a
0
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50 55 63

Step 4: Move 1 unit from the 58 to each of
the 55's.

.43
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55 55 58
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“Evening off” is completed.
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The averaging lessons in this book focus on the
“evening off” model described above. We believe
that formulas or algorithms, such as the one dis-
cussed in Example 1, are best left for study in later
grades.

Conclusion

This chapter has discussed activities that will help
your children strengthen their ability to construct
and interpret graphs and see how information can
be processed and summarized. We recommend
that such activities be a regular part of your math-
ematics lessons.

Don'’t limit these experiences only to math-
ematics, however. They can be an excellent means
of integrating curriculum and demonstrating ap-
plications of mathematics. For example, you could
Kill two (or even three) birds with one stone by
analyzing data gathered from a science experi-
ment or a social studies survey.
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11 Geometry

Geometry helps us represent and describe in an orderly manner
the world in which we live. Children are naturally interested in

geometry and find it intriguing and motivating... NCTM’s
Curriculum and Evaluation Standards for School Mathematics, p. 48

Geometry has been an important branch of
mathematics since the time of the ancient Egyp-
tians. At first, interest in the subject was motivated
by practical concerns such as surveying land.
During this time, people used very informal meth-
ods for measuring and for drawing conclusions
about the geometric aspects of their environment.
At a later time, the Greeks began a more formal,
theoretical study of the subject. The deductive
methods of reasoning that are presently used in
high school geometry classes trace their way back
to those developed by the Greeks.

We study geometry today because it still has
numerous practical applications. It also provides
insight into how shapes make our world more
interesting and beautiful. Geometry is a subject
that helps people develop the spatial sense needed
to understand their world better. In addition,
thereisapositive correlation between sound spatial
awareness and good understanding of numerical
and measurement concepts.

Children are fascinated by shapes. They have
played with them since infancy and take great
pleasure in building with them. Through such
exploration they become aware of the properties
of two- and three-dimensional shapes and of the
relationships that exist among them. The geom-
etry lessons in Opening Eyes to Mathematics extend
this kind of activity to help your children learn
more about shapes and increase their understand-
ing of spatial relationships.

The geometry discussedin the elementary grades
is often limited to the identification of shapes.
While such work is very important, we feel that
children should also engage in more active, dy-
namic experiences. In our activities, children con-
struct shapes, move them about, and change or
combine them in order to discover geometric
relationships and develop spatial awareness. These
sample lessons illustrate how this can be done.

LESSON 1

TEACHER (7evealing a design on the overhead) I have
made a design with some pattern blocks. What
things do you notice about it?

PEARL It looks like a person who is holding up two rocks!

MANUEL [ think it’s a bug crawling along!
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JoHN If I look at it upside-down, it reminds me of a
robot!

CARMEN It looks the same to me on both sides—it’s like
being balanced.

MATT I see what you mean, Carmen. The colors and the
pieces match up.

TEACHER Can you explain further?

CARMEN (at the overhead) Well, if I put a pencil right
in the middle like this, the left side has the same
pieces as the right. The blue diamonds are split.

JOSE (demonstrating) If you could somehow flip the left
side over Carmen’s pencil it would fall right on top
of the right side.

TEACHER Yes, this design is symmetrical. It has a line
of symmetry and Carmen has placed her pencil on it.

BILL (at the overhead) Look what happens if the orange
squares are moved down like this. It looks like a
person whois lifting two pails! There s still the same

line of symmetry!

TEACHER Can you move other pieces and still have a
line of symmetry?

MARCY I can! Move the yellow hexagons like this. It
looks like a giant bird to me!

TEACHER Could I move a square and hexagon like this?

pAIsy Well, to keep the balance you should also move
the other orange and yellow pieces.

TEACHER Suppose I put the pencil here. Is this new
position a line of symmetry?
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CARMEN No, the design isn’t balanced that way. The
top doesn’t match the bottom; it can’t be flipped over
the pencil onto the bottom.

TEACHER How can we add blocks to the design to make
this new position of the pencil a line of symmetry?

The class discusses how this might be done and
children add blocks to the design

The lesson can continue in several ways, two of

which are summarized here.

» Challenge the children to create designs of
their own that have symmetry. Can they
make some that have one line of symmetry?
Two? Three?

2 lines of
symmetry
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6 lines of
symmetry

e Group the children and have one member of
the group make a design and identify a line
that is to be a line of symmetry. The others
then complete the design.

completed design
% %%
I |
dotted lines indicate lines of symmetry

Ji

LESSON 2
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completed design

(Adapted, with permission, from Box It or Bag It
Mathematics by Burk, Snider and Symonds. See
Contact Lesson 51.)

TEACHER (after giving a large rubber band to each group
of 3—4 children) Within your group, would you
please stretch your rubber band to form a square—
have each person hold a corner of the square.
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TEACHER What can you say about the squares you have
formed?

CHILDREN (offer various responses)
There are four sides and four angles.
It looks like the units of our counting pieces.
It has the same shape as that picture on the wall.
It reminds me of a baseball diamond.
All sides should have the same length.
The angles should all be the same.
Some of the sides touch each other, but some don’t.

Theteacher uses these observations as a basis for
discussing some related vocabulary, such as paral-
lel lines and right angles. The children are asked to
find examples that clarify the meaning of these
terms.

CHILDREN It looks like the top of the wall is parallel to
the bottom.

I see some right angles in that window frame.

Look at this hexagon—some of its sides are parallel
and some aren’t.

7’ ‘ ’ v
, 7
4
These
sides are
parallel
~ o R A
<< -y \
! \
| \
- = -
\
These are not
arallel sides.
=~ -~ Iftheyare
extended, they
will meet.

The lesson can continue in many ways.

¢ Challenge the groups to come up with several
procedures for making their squares a differ-
ent size. Here are some that might be shared:

_>

A

This child stays put. Others move out as shown.

<) -—>
to give

-->

to give

M

¢ Have the groups try to form a square without
using their hands. As an example, some chil-
dren may anchor the corners of the elastic
with their necks!

¢ Ask the children to explore ways to change
their squares into other shapes. They might
notice that by releasing one corner of their
square they form a triangle. Or, by holding
the band in five spots, different kinds of
pentagons can be created. Have them describe
these shapes and search for relationships that
exist among them.
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LUC Our group made this shape. It doesn’t look like a
square even though the sides seem to be the same.

TEACHER How is your shape different from a square?
Luc Some of the angles seem larger than others.
TEACHER How can you be sure of that?

Luc Well, we could take one of the mats from the
counting pieces and see how its angles match with
our shape. It looks like 2 of their angles are smaller
than a right angle and 2 are larger.

TEACHER Yes. Now, how is their shape like a square?
MAUDE The sides are the same length.
BRIAN It has some parallel sides.

AMANDA Actually, it’s like a square that has been
tilted.

TEACHER What other shapes can you form with your
rubber bands?

The groups continue to make and describe other
shapes that can be made.

The above lessons show how it is possible to
engage children in geometric activity. In the first
lesson, they operate on shapes by moving them
about to create symmetrical designs; in the second
one, they make and classify shapes, discussing
their properties and observing how they are re-
lated to one another.

In the following lesson, the children form men-
tal pictures of a shape that is created in a paper-
folding activity. They describe what they see and
the concept of congruence is discussed.

LESSON 3

The children have been given scratch paper, scis-
sors and rulers.

TEACHER Watch closely now, I am going to fold this
paper twice.

Now I am going to draw a straight line from one fold
to the other and start a cut along this line. What do
you think you will see when the part that is cut off
is unfolded?

ALLEN It looks like a triangle before it’s unfolded. I think
we will be able to see some triangles.

PAULA ] think so, too! When you open the first fold, 1
see 2 small triangles. Then, when you unfold again,
I think there will be 2 large triangles.

TEACHER What can you say about these triangles?

PAULA The small ones will be the same because one can
be folded on the other. The same for the large ones.

MMy I think there will be 4 of the small triangles that
Paula is seeing. They can all be folded onto each
other.

TEACHER If so, we can say the triangles are congruent,
meaning they have the same size and shape.

BUCK I'm not sure how many sides there will be, but the
cut sides will all be the same length.

ERIN I think there will be 4 sides, 2 for each time you
fold. It might be a square.

TEACHER (completing the cut and unfolding the shape,

which will be a diamond or possibly a square):

unfold further

unfold once

—=>\ /) —>

Can you do the same thing using your paper and
scissors? Fold the paper as I did, draw a straight line
from one fold to the other and make a cut along the
line.

The children follow theinstructions. They check
out the predictions made earlier and share other
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observations about the shapes. For example, the
children might describe the symmetry that is
present or the right angles the folds create with
each other. They might also determine how to
make a cut that will unfold into a square.

The lesson can be extended further by folding
the paper in other ways. Also, if a computer is
available, the children can be asked to create a
display of their shapes with a language such as
Logo.

In the sample lessons, the concepts of symme-
try, parallelism, congruence and angles are dis-
cussed in an informal, hands-on manner. The
associated vocabulary is used in a natural context.
The spirit of this approach is used in all of the
geometry lessons in this program. Some other
topics and concepts explored in this way are
perpendicularity, segments, polygons, circles and
three-dimensional shapes.

Using other geometry strategies

We help children become better observers of their
world by having them look for shapes present on
their bodies, in the classroom, and in the architec-
ture of buildings. We begin by conducting a search
for items and then pose various questions about
them.

¢ line segments: Do they intersect? If extended,
would they ever meet? Are they the same
length? What purpose do they serve in a
shape or design?

* polygons, circles and three-dimensional ob-
jects: How do they vary in size? Are there
various textures within their areas? What kinds
of patterns do they form? What symmetry is
present? Do they have angles that are larger or
smaller than a square corner? How are they
alike or different? Are any exactly the same
shape and size? Are any the same shape but
different in size?

The activities of the Contact lessons also em-
phasize connections between geometry and items
that are part of a child’s world. These include
observing the shapes that can be found on a
football field and making designs by folding paper
in special ways.

There are also many ways to relate geometry to
other subjects in the curriculum. For example, in
the dialogue below, the children think about geo-
metric ideas as they make a wind sock.

Each child has been given a 12 x 18 sheet of

paper.

TEACHER What shape is your paper?
SANDY It’s a rectangle.

TEACHER Sure. Can you make a cylinder from your
rectangle? Glue your paper and show the class.

The children show different ways to form a
cylinder. Some will have wider bases than others.

>
@

—
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TEACHER Each cylinder will be empty inside.

MYRNA This reminds me of a pipe my daddy was
putting in. He said the pipe was hollow.

TEACHER Yes, our cylinders are hollow. Can you think
of anything else that is hollow?

RYAN A drinking straw!
)M Seems like I’ve seen hollow logs on cartoons.

JENNIFER I’ve heard my older brother talk about hollow
walls. There’s a space inside them.

TEACHER Wind socks are hollow, too.
MITCH I’ve seen ones that have streamers on them.

TEACHER You could attach some streamers to your
cylinders to complete your wind socks.

As the children finish the project, the discussion
continues with questions like, “Why are wind
socks hollow?” and “Do the streamers serve any
purpose?”

In otherlessons, your children will create colorful
designs by drawing shapes on paper or by making
tessellations. A tessellation is any arrangement of
shapes that covers a surface without any gaps or
overlaps. Shown below are two examples of tessel-
lations formed with pattern blocks.
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Spatial awareness is also developed if children
are able to relate two-dimensional shapes with
three-dimensional onesin ameaningful way. Most
children in school have played with three-dimen-
sional objects from early childhood. Many of the
lessons build upon this experience. Students ex-
amine objects from different viewpoints and in-
vestigate ways to create objects by folding patterns
of two-dimensional shapes.

This pattern of six squares will fold into a cube. Can you
find other patterns of six squares that will do the same?

As you organize geometry instruction, keep in
mind that language is not necessarily the main
focus at this time. We believe that activities should
be informally conducted, with children having
plenty of opportunity to look for and describe
geometric relationships in their own words. Vo-
cabulary can grow from this as needed.

Geometric activities will help children develop
a sense of measurement and of number. As chil-
dren examine shapes, they will notice how these
shapes vary in size and can devise ways to estimate
and measure perimeters, areas and volumes. They
will also form mental images of numbers by think-
ing about shapes in special ways. For example, the
operations of multiplication and division can be
modeled by rectangular arrays; fractions can be
visualized by subdividing shapes into equal parts.
Seethe chapters on measurementand numeration
for additional discussion and examples of this.

Vocabulary refresher

The following list defines and/or pictures some
standard terms used in geometry. When discuss-
ing these with your children, do so informally in
the context of related activities.

line segment: two points on a line and all the
points between them.

ray:

® >

angle: two rays that have a common endpoint.
The endpoint is called the vertex of the angle. The
rays are the sides of the angle.

vertex -
side

types of angles:

LN

right angle acute angle obtuse angle
measures 90° measures less measures more
than 90° than 90°

parallel lines: lines in a plane that will never
intersect.

< >
< >

parallel lines

non-parallel lines
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perpendicular lines: lines that form right angles.

A

right angles
formed 9
>

Y

perpendicular lines

polygon: a simple closed curve whose sides are
line segments.

A ] ()

triangle quadrilateral  pentagon

() () €9 )

hexagon octagon decagon dodecagon
types of triangles:
isosceles  equilateral right scalene

isosceles: at least two sides are same length
equilateral: all sides are same length
right: contains one right angle

scalene: all sides are of different length

types of quadrilaterals:

NN

square rhombus parallelogram
rectangle trapezoid

square: four sides of equal length and four right
angles

rhombus: opposite sides parallel and all sides of
equal length

parallelogram: two pairs of parallel sides
rectangle: four right angles; opposite sides are
parallel and of equal length

trapezoid: a pair of parallel sides

congruent figures: figures that have the same size
and shape. One can be placed exactly on top of the
other.

P A\

congruent

congruent
line segments

triangles

similar figures: figures that have the same shape

AN\

similar triangles

terms related to a circle:

radius: a line segment that joins the center to a
point on the circle. The length of this line
segment is also called the radius of the circle.
diameter: a line segment that joins two points
of a circle and passes through the center. It's
length is twice the radius.

circumference: the distance around the circle.

circumference

some common three-dimensional objects

rectangular prism cube sphere

cylinder

Summary

Shapes play an important role in everyday life.
They come into play when arranging pencils and
crayons in a school box or in developing a plan for
arranging furniture in a room. Shapes are vital in
designing buildings and ensuring that structures
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are sturdy and strong. Where would our world be
without the contributions of such greats as Frank
Lloyd Wright, Buckminster Fuller, Picasso or the
Wright Brothers, all who have applied their genius
to the creative use of shapes?

We encourage you to invite local architects,
artists, engineers, carpenters and draftsmen to
speak about their professions and their use of
shapes. Children enjoy identifying what they are
learning with what “big people do”.




12 Assessment

The learning of mathematics is a cumulative process that occurs
as experiences contribute to understanding. A numerical score or
grades assigned at a single point in time offers only a glimpse of
students’ knowledge. If the goal of assessment is a valid and
reliable picture of students’ understanding and achievement,
evidence must come from a variety of sources. NCTM’s Curriculum
and Evaluation Standards for School Mathematics, p. 198

In Opening Eyes to Mathematics, children are ac-
tivelyinvolved in learning mathematics. With the
help of models and visual thinking, they develop
mathematical understandings and explore prob-
lems from many points-of-view. In addition, they
participate in mathematical discussions in which
they share solutions and explain their thinking,
knowing their ideas will be valued.

The learning that takes place in this program is
reflected daily in this atmosphere of mathematical
exploration and communication. Assessing this
learning, therefore, can grow from ongoing obser-
vation of the children as they work individually or
in small groups, and as they participate in whole
group discussions or presentations. We feel that,
to be effective, assessment needs to come from
many sources and be positive. Here are some of its
major purposes:

¢ Provide information about the mathematical

growth and thinking of each child.

» Reveal the children’s thoughts and feelings

about mathematics.

s Encourage children and provide further op-

portunities that motivate them to grow.

e Serve as a basis for planning instruction and,

if necessary, assigning grades.

“... the act of teaching should be founded on dia-
logues between teachers and students, each responding

to the other on the basis of what has been said or done.
Assessment refers to the process of trying to understand
what meanings students assign to the ideas being
covered in these dialogues; as such, it is an integral
element of effective teaching. Periodic assessment pro-
vides the teacher with a basis for deciding what
questions should be asked and what examples and
illustrations should be used; ultimately, it offers a
foundation for any meaningful dialogue between teacher
and student.” NCTM Curriculum and Evaluation
Standards for School Mathematics, page 203.

This chapter describes several assessment tech-
niques that will help you assess your children’s
learning. Much of the discussion summarizes,
with permission, the recommendations for assess-
ment presented in Visual Mathematics course
guides. The philosophy and instructional approach
of that course guide are compatible with those of
this book. Visual Mathematics is an excellent re-
source and you may wish to consult it for further
information. (These are available from MLC Mate-
rials.)

Assessment techniques

Theassessmentof learning in any classroom should
relate directly to the instructional goals of each
lesson. In Opening Eyes to Mathematics, those goals
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are to help each child:

e Construct understandings about mathemati-

cal concepts.

¢ Develop their ability to use visual thinking.

e Developcommunication, reasoningand prob-

lem-solving skills.

e Learn to work cooperatively with others.

® Respect the thinking of others.

* Look at mathematics from many views.

e Strengthen their self-esteem and self-confi-

dence.

With these goals in mind, we have found the
following activities to be useful assessment instru-
ments:

e Writing activities

e Checklists

¢ Informal observations and questioning

¢ Individual conversations

¢ Self-evaluation

¢ Tests and quizzes.

We usually compile the information gathered
from these sources into student folders that are
helpful when planning instruction or conferencing
with parents. Samples of children’s work are also
entered periodically into this folder.

Writing activities

Writing is an integral part of many lessons in this
program. Encourage your children to prepare re-
ports of individual and small group work and to
regularly record journal entries of their thoughts
and feelings. When appropriate, invite them to
share their written responses with others. The
accompanying discussion helps them to clarify
their thinking and learn from one another. These
activitiesreveal useful information about children’s
understanding and are well worth the time spent
on them. They also will help you judge the nature
and amount of practice your children need. Exces-
sive practice is unnecessary for those who clearly
understand a concept and unproductive for those
who don't.
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As is true in all aspects of this program, we urge
you to respond to your children’s writing in posi-
tive ways and to indicate that everyone’s contribu-
tions and feelings are valued. It helps, forexample,
to include at least one positive comment on each
paper. This promotes a non-threatening climate
for learning and the development of positive atti-
tudes among your children. We also encourage
you to model the importance of journal writing by
keeping one of your own, perhaps even sharing
entries from time to time with your class.
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Checklists

A checklist can be a very helpful and convenient
assessment instrument. It can be used to focus on
those qualities of achievement or attitude that you
consider important. See sample checklists below.
Checklists can be used in the classroom in
several ways:
s Use over a period of days to gather informa-
tion about the work of either small groups of
children or of the entire class.

Use periodically to monitor the attitudes,
participation and communication abilities of
your children.

Occasionally ask children to evaluate them-
selves in one or more checklist categories.
Use toobserve children with a particular set of
categories in mind. Since children may re-
spond differently in a small group than in a
large group, observe them in both settings.
If possible, videotape small groups of children
over a period of several days and use a check-
list while viewing the tapes.

PlIY> jo sweu

works well with
others

Measuring

chooses appropriate Checklist
unit(s) of measure

compares unit(s) to
object

calculates correct
number of units

understands standard
and non-standard
units

estimates before
measuring

records and
compares data

date:

student’s name

demonstrates
communication
demonstrates
application
demonstrates
connections
uses visual
models

works well

with others

comments:
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informal observations
and questioning

As you implement the lessons of this program,
there will be many opportunities to observe and
question your children’swork and thinking. Much
of this can take place when they are engaged in
small group activities or when they show-and-tell
at the overhead. Sometimes you observe silently;
other times you may want to ask a helpful ques-
tion.

Questions should be designed to elicit your
children’s thinking and problem-solving strate-
gies. Some questions helpful for this purpose are:

e Can you explain your thinking?

e How do you see that?

e Canyou predict whatwill happen if ?
e Can you describe this problem in your own
words?

¢ Couldyousolve this problem in another way?

e Can you describe your thought process when
you ?

e Can you apply this knowledge to a different
situation? Can you think of a time when you
might use it outside of school?

* How do you feel about ?

¢ Can you draw a picture or build a model to
show that ?

¢ How can you be sure that ?

¢ Do you see a pattern?

e Does this remind you of other discoveries?

¢ What pictures come to mind when you think

about ?

Find ways to record your observations quickly.
Checklists, notecards and videotapes are some of
the methods you might use. A videotape is useful
for recording the activities of one group of chil-
dren while you are free to respond to the needs of
other groups.

individual conversations

Engaging in a conversation with a child is a very
special opportunity to assess their thinking about
mathematics. The conversations are not intended
to be a time for teaching. Rather, their primary
purposes are to:

» Give insight into how the child perceives and
understands mathematics.

¢ Allow children to demonstrate their methods
of reasoning when solving a problem.

e Reveal information about children’s confi-
dence when analyzing a mathematical situa-
tion.

Conversations of this sort can take place as other

children engage in independent practice. Even
though they take time, they can provide informa-

tion regarding the direction of instruction and are
particularly helpful for children having difficulty
in class. Here are some suggestions for conducting
these conversations.

e Put the child at ease by talking about some-
thing of personal interest first.

e Tell the child that you are interested in how
they think.

e Use how, why and when questions to probe
for deeper meaning.

¢ Listen intently to the child. Provide plenty of
time for them to think and respond.

e Converse with the child in a non-judgmental
manner; be comforting and reassuring. Avoid
questions that allow for only one specific
answer (that you have in mind); ask open-
ended questions that encourage the child to
reflect. Remember, too, to check your body-
language; is it consistent with your intent?

¢ The main purpose of the conversation is to
gain insight into how the child is thinking.
Instruction about concepts can be given at
another time.

* When possible, use technology to your ad-
vantage. By making an audio or video tape of
the conversation, you can concentrate totally
on the child. Later, you can review the
recording(s) to getaclearer view of that child’s
thought process. The tape will also let you
evaluate the effectiveness of your own part in
the conversation.

¢ The conversation need not last longer than
five to ten minutes.

¢ Keep brief notes of each conversation.

Self-evaluation

Self-evaluation can be one of the most valuable
assessment instruments. It provides teachers with
direct information as to how children perceive
their own work and what they feel about it. In
addition, by reflecting on their own performance,
they are encouraged to take responsibility for their
own learning. The ability to do this is an impor-
tant part of being an independent learner. (See
illustration on following page.)

Tests and quizzes

Tests and quizzes are traditional ways of assessing
children’s performance. The spirit behind this
program suggests, however, that they should not
be the main source of assessment information.
Further, when they are used, they should reflect
the goals of the program, focusing on such things
as: conceptual understanding, communication of
thinking, use of visual thinking and making con-
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2 4
1 3
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1
Samples of self-evaluation instruments LOW

nections among topics.

In this program, it would be appropriate to
conduct testing in different settings (individual,
small groups, in class and even at home), and to
make models and calculators generally available
to children. Because of the writing involved, these
tests will contain fewer items than traditional
ones, yet require just as much time.

Consider varying the kinds of activities that you
include on tests. Here are a few ideas to try:

e Ask the children to pose and solve a few
problems about a selected topic. Have them
write questions of varying difficulty and also
explain what makes each question easier or
harder.

¢ Present the children with a problem that has
been incorrectly solved and ask them to ex-
plain the error(s).

¢ Have the children develop strategies for solv-
ing problems using diagrams, sketches or
mental pictures.

Finally, you might anticipate changes to take
place in the nature of standardized tests. Many
organizations such as the National Council of
Teachers of Mathematics are urging that these
tests become more consistent with the curricular
changes that have been recommended for school
mathematics. In the meantime, we can place less
emphasis on this type of test.

Communication with parents,
administrators and colleagues

Many parents, administrators and teachersin your
district may have questions about this program or
even feel somewhat uncomfortable with it at first.
For example, some might feel that there is too
much “play” and that more paper-and-pencil drills
are needed. This is not surprising since it is likely
that they had quite different mathematical expe-
riences when they were in school.

929

OPENING EYES TO
MATHEMATICS



100

OPENING EYES TO
MATHEMATICS

Assessment

“There are, of course, barriers to the implementation
of these standards, the most important being the
strongly held beliefs, expectations, and attitudes of all
people in education about specific aspects of the re-
form. A teacher who believes that speed in paper-and-
pencil calculation is most important will be reluctant
to let children use calculators. The administrator who
has charted group scores on a standardized test for
years will be reluctant to replace it. Parents who expect
students to do mathematics homework on paper at a
desk rather than by gathering real data to solve a
problem will be surprised.” NCTM Standards, page
258S.

In view of this, it is very important to commu-
nicate with people about the program and seek
support for it. We have found the following ideas
for doing this to be helpful.

e Conduct a model lesson, or show a video of
one, at an open house or PTA meeting. While
it’s good for the adults to see children explor-
ing mathematics in such a lesson, it would
also be helpful and fun for them to be the
students. Activities taken from the Calendar
Extravaganza or related to the Mystery Box
work very nicely here. Use the lesson as a
context for discussing the instructional goals
of the program and the changesin mathemat-
ics education being recommended.

e Once the school year has settled down for
you, invite parents, administrators, board
members or colleagues to your classroom.
Again, have them participate in the activities
along with the children.

¢ Includea mathematicssectionin aclassnews-
paper. This might contain articles written by
children, brain-teasers for the family (or a call
for some from parents), announcements of
upcoming events related to math or summa-
ries of special mathematical discoveries that
children have made.

¢ Host a night of math enrichment for the
entire family. This is wonderful opportunity
for family members to enjoy mathematics
together. It always turns out to be informative
and fun for everyone!

» Bring in guests to speak on the role of math-
ematicsin different careersor todiscuss math-
ematical connections with the outside world.
Be sure parents and administrators are invited
to attend.

» Invite parentsto assist you in the classroom or
with the preparation of materials.

¢ Ask parents to submit brain-teasers or other
items that could be used to promote math-
ematical discussions or explorations.

¢ Keep parentsinformed of their child’s progress.
Conferences are an ideal time to review the
goals and expectations of the program.

¢ Your parents will enjoy receiving Opening Eyes
to Mathematics post cards telling them about
their child’s work.

H€P€75 o E\j e OPQY\.@V ‘

¢ Keep parents informed with an Eye Openers
newsletter telling them of the mathematical
topics covered during the week. Encourage
them to discuss topics around the dinner
table. In this way, they can feel confident
that, despite the absence of daily worksheets,
good mathematics instruction is taking place.
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Calendar
Extravaganza

The calendar activities are best described as a
daily extravaganza of skills and topics. Once made,
it will give many, many hours of mathematical
instruction for years to come and provide oppor-
tunities for daily practice of skills taught in Insight
and Contact lessons. Activities are designed to be
non-threatening and fun, a quick warm-up for the
day ahead. They are not intended to replace those
necessary hands-on conceptual experiences de-
scribed elsewhere in this manual.

Skills addressed by the Calendar Extravaganza
include:

* Problem Solving

* Connections

¢ Estimation

e Fractions

¢ Geometry and Spatial Relationships

» Statistics and Probability

» Children’s Growth and Changes

¢ Odd/Even

¢ Patterns and Relationships

* Measurement

» Number Sense and Numeration

¢ Whole Number Operations

Thecomponents for the third grade calendar are
designed to fit together into a twenty to thirty
minute fast-popping extravaganza. While all can
be done daily, most teachers vary the components
for a fresher approach and to reduce the length of
the lesson. Select activities from the following
componentsthat willlead to alively discussion for
your class.

¢ Numberline Strip

» Numberline Pockets and Records
* Numberline as a Timeline

» Weather Graphs

» Dental Floss Box

» Birthday Records

e Pattern Grid

e Chalkboard Date

Tally Pad

Multiplication Visual Record and
Pattern Matrix

* Money Decimal Records
* Today'’s Array

Incredible Equations

People Fractions
Clock Reading
* In The News

Each component highlights certain mathemati-
cal concepts, so many teachers introduce new
components only after teaching the related con-
cepts. You need not include every component
every month. If your children aren’t familiar with
the concept highlightedin a particular component,
save it for later. If you're tiring of a component,
your children probably are too; remove it for a few
months or permanently. Some can resurface for a
quick review.

Many teachers begin their day with the calen-
dar, but later in the school day works equally well
Give your extravaganza twenty to thirty minutes
each day, moving through the components at a
lively pace. You may emphasize one component
for two or three days, while quickly reviewing all
others. Develop a child-centered, comfortable dis-
cussion of integrated math topics (as well as other
topics of interest to the children).

The calendar is a “working bulletin board”. Put
it within easy reach so children can assist in
manipulating and recording as you work through
the components. Choose a large bulletin board or
display space that is clearly visible to all of your
children. Display the calendar elements on and
around it in a decorative manner.

As each month closes, analyze some of the
information gathered. This is an opportunity to
expand the calendar time into Contact lesson
time as the month’s data gathering ends.

We find the Calendar Extravaganza to be loads
of fun! We hope you will enjoy it as much as your
children do.
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Component
Numberline Strip

SKILLS TAUGHT

* Counting by ones, fives and tens, forwards and
backwards

e Duration (How long is a week? How long is a
month? How long is a school year?)

¢ Counting money

INSTRUCTIONAL IDEAS

Use a numberline to show the number of days
school has been in session. Since this is such a
valuable counting tool throughout the year, allow
enough space for a lengthy display.

Record a number on the numberline each day
school is in session. Stretch the numberline hori-
zontally along the top of your Calendar Extrava-
ganza. The number added each day reflects the
total number of days school has been in session.

Write all numbers in black, except multiples of
S; write those with a bold, red marker. Draw a bold,
red triangle around multiples of ten. Now both the
tens and fives counting pattern are clearly seen.

Ways children may use this numberline:

¢ Countingforwards and backwards by creating

extended number patterns for 1s, Ss and 10s
¢ Counting pennies, nickels and dimes

» Multiplying and dividing S5s and 10s

¢ Estimating and rounding off

e Predicting reasonable answers

¢ Experiencing many forms of addition and

subtraction

¢ Anticipating numerals (How many more days

until our 100th day? until school ends? until
Martin Luther King, Jr.’s birthday?)

TEACHER How many days have we been in school this
year?

CHILDREN Thirty-seven.

TEACHER Tell me how to write 37 on our numberline
strip.
CHILDREN Use the black marker. Put a 3 on the left for

the 3 tens. Put a seven on the right for 7 ones.

TEACHER Let’s clap on multiples of 5 as high as we can
without going over and then snap the remaining
ones.

CHILDREN (Clapping) 5, 10, 185, 20, 25, 30, 35. (Snap-
ping) 36, 37!

TEACHER How many fives did we count in 37?

MARTIN Let’s see—in order to count by fives I need to
look at every number that is written in red. Seven
fives!

TEACHER If this 37 were 37¢, how many nickels and
pennies would you use if you used the minimal
collection of coins?

ZAcH That’s simple! We said it took 7 fives, so that’s
7 nickels. That makes 35¢. By adding 2 pennies we
would make 37¢.

TEACHER By looking at the numberline, can you tell me
the least number of dimes, nickels and pennies you
could use to make 37¢?

DONNIE Four triangles take us to 40 and that’s too far.
So 4 dimes is too many. Three dimes would be 30
and a nickel (in red) makes 35. The next 2 numbers
represent 2 pennies—that’s a total of 37¢. That
means we’d need 3 dimes, one nickel and 2 pennies
for37¢.

TEACHER TIPS

Vary the questions from day to day. If you ask all
types of questions each day it becomes boring for
you as well as your students. You might ask such
questions as:

Is 37 closer to 30 or 40?

What number will we be writing 20 days from
now? 25 days from now?

In how many days will our school year be half
completed?

Be sure to model the limitless possibilities of the
numberline strip. Your children will imitate your
example and soon refer to the numberline inde-
pendently at other times during the school day.

MAKING INSTRUCTIONS

The numberline strip can be made in one of two
ways. One way is to start with a rolled-up adding
machine tape attached to the far left of your
Calendar Extravaganza. Unroll a section of tape
each day, keeping a continuous horizontal dis-
play. This works well, but not as effectively as the
second method.

A second approach is to cut strips of colored
construction paper 2" to 3" high using a different
color for each month, for example, blue for Au-
gust, pink for September, etc. Cut the numberline
at the end of each month and begin a new color.
The color pattern shows the students a color-
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codedrecord of the days of school attended within
each month. Thislendsitself to additional statistical
analysis such as: What fraction of our total days
this year were in October? How many more days
did we attend in September than in August? Keep
all the strips up until the school year is complete.

Component
Numberline Pockets

SKILLS TAUGHT

¢ Mental computation
¢ Place value counting
¢ Minimal collections

INSTRUCTIONAL IDEAS

It is fun to see the school year progress by repre-
senting all of the days in the future as well as the
days past. In order to show the correspondence
visually, use pockets.

Near the numberline, place three pockets rep-
resenting the past and three pockets for days
remaining in the future (Past on the left, Future on
the right).

Above your Future pockets post the question,
“How many days are left in this school year?”
Above your Past pockets post the question, “How
many days have we been in school?”

How many days are left
in this school year?

How many days have
we been in school?

hundreds : tens

On the first day of your school year, your Past
pockets are empty. In the Future pockets indi-
vidual straws are grouped to show the number of
days in your school year. For example, we
Kentuckians would use 175 straws. Our straws are
banded together in this way: 100 straws, banded as
tens and again as a hundred, 7 sets of tens banded
together and 5 loose straws. Make appropriate sets
for your school year.

Record “000” (to represent O hundreds, O tens
and O ones) under the Past pockets. This shows
that your classhas had nodays together thus far in
the year. Record the number of days in your school
year on the numberline record under the Future
pockets.

On your first day of school, remove one straw
from your Future ones pocket and place it in your
Past ones pocket.

How many days are left
in this school year?

How many days have
we been in school?

L‘,.m!!!!'.L.'..mmlmmmlIHIf"

hundredsé !l“]. . Iimilm ) l’// 7/

tens * o
.

Each day remove one straw from your Future
pockets and place it in your Past pockets. For
example, on a Kentuckian’s 37th day of school the
Past pockets contains 37 straws and the Future
pockets contains 138 straws.

How many days are left
in this school year?

How many days have
we been in school?

hundreds

Attimes during the year you will make new tens
bundles and sometimes you will break apart tens.
But you will only have one chance to break apart a
hundred and onechance to create a hundred. Make
all you can of each occasion! On your 100th day of
school attendance, stand up and Boogie! (See our
celebration suggestions in the Contact lessons.)
Anticipation of its arrival will draw attention to
the Future. Memories of fun Past activities will
bring smiles of pleasure.

MAKING INSTRUCTIONS

Straw Pockets. Cut two pieces of clear acetate
10x 18. Fold up 4" from the bottom. Seal the edges
with strapping tape

6”
L D fold ... .
¢ ¢ 4”
< 18" >

Staple, dividing each pocket into three sections.
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Label the Hundreds, Tens and Ones sections with
a permanent felt-tip pen.

P B g

hundreds: tens ' ones

Questions Strips. Use two sentence strips or
something comparable. Label them: How many
days have we been in school this year? and How
many days are left in school this year?

Straws. Begin with the appropriate number for
the days in your school year. Leave your ones
loose. Form a 10 by bundling 10 ones together
with a rubber band. Form a hundred by banding
10 tens.

The Numberline Record. Make two of these.
Use three different colors of fadeless colored art
paper to create a three-section card to fit under
each set of pockets. Use one color for the hundreds
place, a second color for the tens place and a third
color for the ones place. Laminate these two re-
cords so you can write on them daily with a wipe-
off pen. (Or use a permanent felt-tip pen and erase
it with fingernail polish remover or duplicating
fluid.)

TEACHER TIP

Rather than straws, put mats, strips and units in
your bags.

Component
Numberline as Timeline

SKILLS TAUGHT
e Recording duration
* Timelines

¢ Mental computations

INSTRUCTIONAL IDEAS

You can use your classroom numberline as a
timeline to record special classroom happenings.

$28 29 AN31 32 33 34 3

Happy &ﬁ
B'day Natlire
Mary Walk

This develops an awareness of history, even in the
short span of the school year. Have children create
a symbol to represent those special days. Hang the
symbols beneath the appropriate number.

MAKING INSTRUCTIONS

You already have your numberline made. Have a
supply of 3 x 4 art paper rectangles upon which
your children mayillustrate eachimportantevent.
To develop further ownership of the numberline,
let the children decide which events need to be
remembered .

TEACHING TIPS

Don’t miss opportunities to do quick computa-
tions with such questions as: Today is the 38th day
of school. How many school days ago did we sing
Happy Birthday to Mary? How many days after
Mary’s birthday did we go on a nature walk? We
had clues that we had a mouse among us on the
third day of school. How many days did it take us
to outsmart him? You don’t have to ask such
questions every day, however it’s fun to reflect
upon the past occasionally.

Component

Weather Graphs

SKILLS TAUGHT

e Weather observation

e Comparing

° Weather patterns

¢ Graphing

e Counting

® Averaging

* Gathering information over
a long period of time

* Noting newspaper, television
and radio forecasts

» Fractions

Awareness of the weather and the atmospheric
conditions in their world is most important to
children. Weather affects so many children’s ac-
tivities that they have a natural curiosity about it.
We have discovered that children are interested
notonlyin the weather, but also in the predictions
made by professionals. Here’s a natural opportu-
nity to gather data and display information which
has been experienced by all your children.

In order tomaintain interest, change the type of
weather graph each month. It is helpful for the
children to see data organized in a variety of
graphing styles.

Because changing the type of graph periodically
is so vital, we have provided you with eleven
different versions. You may choose to make one of
each, or create your own. Just be sure to graph each
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version that fit your needs for space, availability of
materials, and artistic ability. Have fun creating
them your way.

Newspaper Forecast Graph

M T w
T | g | B
High
90
80
70
60
50
40
Low
newspaper copy
M T W | Th| F
o3 S N RS
High
20
80
70
60
50
40
Low

classroom copy

INSTRUCTIONAL IDEAS

Begin each week this month by bringing in and
posting one five-day extended forecast from your
local newspaper. Keep it posted for the entire
week. Make a blank copy exactly like the newspa-
per forecast but without any information dis-
played. On it record the data for that day’s actual
weather. Since this is posted directly beside the
forecast, your children can easily compare the
experts’ predictions to the outcomes. This can lead
to animated discussions of weather patterns and
changes.

TEACHER Let’s see what the weather forecaster has
predicted for today’s weather.

CHILDREN Oh, look! The weather didn’t follow the
pattern that the forecaster predicted. She said it
would be partly cloudy with the high in the eighties.
But the sun is shining brightly and there isn’t even
a wisp of a cloud in the sky.

TEACHER Oh, really? Jody, look outside the window and
check the temperature shown on the thermometer.

ELMIRA Wow! You won’t believe this! Today looks like
a scorcher. The temperature has already reached
...90...95 degrees! What a day for a swim! Here we
are stuck in school. I'll surely be glad when I get
home! That forecaster was fooled today!

TEACHER Yes, this would be a good day for a swim.
(Draws a name from the feely box.) Serita, would
you like to draw a line on our graph showing the
temperature at this moment? How many of you
think the temperature will go even higher than 95
degrees later today? Tomorrow morning we’ll check
the daily paper and find today’s actual high and low
temperatures.

At the end of the week, compare the forecaster’s
predictions to the actual weather recorded by your
class. You might want to analyze the data accumu-
lated—what was the high temperature for the
week? the low temperature? the range of tempera-
tures? average high temperature for the week?
average low temperature for the week? (See Chap-
ter 10 for hands-on averaging strategies.)

Accumulate this data for each weekin the month.
At the end of the month, see if your children can
determine the monthly high, monthly low, range,
averages, etc.

MAKING INSTRUCTIONS

Bring in a five-day extended forecast from your
Sunday newspaper. For the classroom copy, match
the original forecast format, but show no data.

M| T W | Th | F

Low [

Make a feely box from a plastic 12 or 16 oz.
stadium cup inserted into a man'’s tube sock. Place
each child’s name on individual slips of paper in
the feely box. Don’t return names to the box until
all names have been drawn, so everyone has an
equal opportunity to participate. However, if a
child is hesitant, never insist. A child may have a
friend help or do it in their place.
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Weather Tally

o

)
0 00 ooo

INSTRUCTIONAL IDEAS

Tally on the cloud, snowman, sunshine or rain
clouds to record your daily weather as shown.

@
P
p) % eéa

MAKING INSTRUCTIONS

Use 11 x 18 fadeless art paper or posterboard for
the background.

Clouds: Cut two shapes, one from gray and one
from black. Put the gray cloud on top to record
tallies.

Sunshine: Cut from yellow paper.

Snowman: Cut three white circles in different
sizes. Cut hat, broom handle and coal chunks
from black, carrot nose from orange, broom straws
from yellow.

Rain cloud: Cut cloud and raindrops from light
blue paper.

Horizontal Bar Graph

INSTRUCTIONAL IDEAS

You may color in each space, draw an appropriate
symbol, draw a smiley face or frown—let your
class decide.

MAKING INSTRUCTIONS

Use an 11 x 18 piece of fadeless art paper or
posterboard. The grid can be a different color.
Allow 15-20 spaces for each row.

WEATHER GRAPH mn.
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INSTRUCTIONAL IDEAS

Let a volunteer slip a hex-a-link cube(s) over a pin
in the appropriate column(s) to show today’s
weather. Choose a different color cube for each
column (perhaps yellow for sunny, blue for windy,
etc.).

At the end of the month, remove the hex-a-link
cubes and snap them together to create a stack for
each type of weather. Discuss and compare the
gathered data.

MAKING INSTRUCTIONS

Use a 21 x 28 piece of white posterboard. Mark off
the 21 side into six columns, each 3V2" wide. Leave
4" at the bottom toillustrate each type of weather;
other horizontal lines are 1" apart. White paper-
punch circles make nice snow. Mount the graph
on a pinning board or bulletin board.
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Vertical Bar Graph:
One Block = Two Days

fog sun rain snow ice
types of weather

[ 1= 2days

TOEIQ IMI-HB>MF
number of days

INSTRUCTIONAL IDEAS

Start at the bottom and go up (or start from the top
and go down if you feel froggy!) and fill in half a
box each day. One day can be shown in a variety
of ways (color half a box, draw half an X, etc.). Let
the class vote to decide.

On the last day of the month, place a push pin
on the center of each column. Connect the pins
with yarn. Analyze the information shown on the
graph.

MAKING INSTRUCTIONS

Draw the grid on a 9 x 12 piece of construction
paper. Label as shown.

Forms of Precipitation Tally graph

INSTRUCTIONAL IDEAS

Each day make a tally beside the appropriate form
of precipitation.

MAKING INSTRUCTIONS

Use a9 x 12 piece of construction paper. Write the
name of the month at the bottom after lami-
nating.

Form of Precipitation

# solid
liquid

Temperature Line Graph
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INSTRUCTIONAL IDEAS

Read the outside temperature at the same time
each Friday. Decide where the day’s dot will go
and connect the lines. Discuss how entering or
leaving a season may affect the rise and fall of the
line on the graph. Mother Nature reserves the
right to surprise!

MAKING INSTRUCTIONS

On a9x 12 piece of construction paper, draw lines
1¥2" apart, as shown. Leave the vertical axis
unlabeled before laminating unless your tempera-
ture range varies little over the year. Use Celsius if
you prefer.

Inclement/Kind Weather
Horizontal Bar Graph

@WEATHER@

inclement

kind

INSTRUCTIONAL IDEAS

Does today’s weather prevent some work from
being done? Is it severe for most of us or not? Draw
a smiley face or a sad face to indicate the daily
situation. Use during a month when your area
normally has inclement weather.

MAKING INSTRUCTIONS

Cut a piece of posterboard 6 x 22. Make 1 x 2
spaces for the faces.

Variations: Shadow Days/No Shadow Days or
Harmful to Local Vegetation/Beneficial for Veg-
etation.
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Cumulative Rainfall Line Graph

INSTRUCTIONAL IDEAS

This graph involves checking a class rain gauge
daily. Make a line graph by connecting dots each
day to show your monthly rain total. Your month
may begin on Wednesday, so your first dot will be
on the horizontal axis at the base of the third line.
Thedots won’trise untilrain appears in the gauge.

MAKING INSTRUCTIONS

This graph takes more space, but our students love
it! Use regular posterboard and make vertical lines
3" apart. Every Monday the line is heavier to
indicate that rain has collected over a longer
period of time, therefore more jumps may occur
on Mondays.

9
8
7
6
gs
g4
3
2
1
MTWTFMTWTFMTWTFMTWTFMTWTF
days of the week
TEACHER TIPS

Check your science curriculum before making the
graphs. Create them to reflect your local and state
guidelines.

Easy Pocket Chart Weather Graph

INSTRUCTIONAL IDEAS

Is all this too much? Would you like a display that
can be used in a variety of ways? Consider using
library pockets with cards inserted to show the

choices.
% ?
( ] ]

Just drop straws or popsicle sticks into the ap-
propriate pocket each day.Perhaps your students
can create their own graphs, individually or in
groups, on the last day of the month to show the
information recorded in the pockets.

Some months you may use only two pockets—
in March, for example, use “lamb” and “lion”
pockets.

Weather Graphs:
Cloud Formation Tally

INSTRUCTIONAL IDEAS
Mark tallies on the appropriate cloud for each day.

MAKING INSTRUCTIONS
Illustrate cloud formations on a sheet as large as
you wish. Colored chalk works well. Use light
colors so the tally marks can be easily seen over the
clouds and the clear sky.

:igcumulus

Formations

stratus

cirrus clear skies
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Component
Dental Floss Box

SKILLS TAUGHT

¢ Counting

» Honoring children’s growth and change
¢ Keeping records for a long time

e Graphing

INSTRUCTIONAL IDEAS

Children are so proud of that new space left by
a lost tooth! You wouldn’t want to miss this
chance to keep a permanent record of the class-
room losses. Keep the dental floss box posted all
year. As teeth are reported missing, pull the strip
out a bit more and record the new name and date.

To make monthly variations more obvious,
record each month’s losses in a different color
so comparisons and graphs can be made using
fractions, story problems and such. At the end
of the school year, cut the strip into month-
long sections. Create a bar graph from the
strips by gluing them to a sheet of paper.

How many teeth we lost!

Sept.
Oct. EEEEEE TR TS
CLLIT]

Nov.
Dec.
Jan.

Feb.

Mar.
Apr. EEEEFEEEEH
May [TTTTTTTITTT]
June EEER

To make the graph more meaningful for the
children, model the information by creating stacks
of hex-a-link cubes. The numbers and colors of the
cubes will correspond directly to the monthly
strips.

Discuss other types of graphs you could use to
show the same information. (See Chapter 10.)
Divide the children into small groups and have
each group use a different type of graph for show-
ing the tooth chart information.

Statistical analysis of the lost-tooth data
may surprise your children. Third graders can lose
an awesome number of teeth. In fact, you may

wonder how they managed to eat anything this
past year!

MAKING INSTRUCTIONS

You will need a small box (see blacklines if you
need a pattern). Cut an opening in the back so
you can insert a rolled-up strip of paper made
from 1-inch grid paper. Glue many strips together,
because your class may lose as many as 150 teeth
this year.

Cut a slot large enough for the strip to slide
through the right side (as you look at it from the
front). Cover with paper and label. Insert the
paper strip and pull through the slit. You may
find it necessary to add more paper to the roll
if your class is extremely “snaggletoothy”!

Component

Birthday Record

SKILLS TAUGHT

¢ Counting

e Comparing

* Month names

¢ Number of days in each month
¢ Fractions

INSTRUCTIONAL IDEAS

Birthdays are special to those of any age—
whether 8 or 80. Keep the fun alive with a
birthday hat for each month! Across the top of
your calendar extravaganza, display 12 birth-
day hats labeled with the name and birth date of
each child. These hats are a wonderful way to
keep the names posted throughout the school
year for all children to see.

Each month, remove the current month’s birth-
day hat from the lineup and place it near the
calendar grid. On the last day of the month, record
the total number of days for that month beside the
month’s name. The posted information can lead
to a variety of mathematical analyses.

Dru

10-3-97 |

el .l Levi Sherrica

Mrs. Terhune's 10-11-91 | 10-7-91
DENTAL
FLOSS
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Counting. Have your children count the total
number of birthdays in that month.

Comparing. After counting the number of
birthdays in the month, find other months with
more, less, or the same number of birthdays.
How many people who have a birthday in month
X also lost a tooth in month X?

Fractions. Use fractions to make comparisons
involving the number of birthdays in this month.
Some possibilities might be to compare the num-
ber of student birthdays during this month with
the total class enrollment; male or female birth-
days with the total number of birthdays in the

5 birthdays in October
31 days in October

1 out of 5 is female.

4 out of 5 are male.
1
73 have spike hairstyle.
55 love pizza.

255 have pets at home.

month; birthdays of people who like pizza with
the total number of birthdays; birthdays with the
total number of days in the month.

MAKING INSTRUCTIONS

Locate thebirthday hat pattern from theblacklines.
Use colored, fadeless art paper to make 12 different
hats. Label one for each month and laminate.
Consider creating a color pattern such as red hat,
red hat, blue hat, green hat (repeated to make 12).
Decorate the hats with stickers, dots, stars or
whatever suits your fancy. Add some festive zip by
attaching curling ribbon at the top.

With a permanent marker, write each child’s

name and birth date on the appropriate hat. At the
end of the year, the names can be easily erased
with fingernail polish remover.

TEACHER TIPS

An alternative to the hats would be to create
one large 12-month bar graph. Make two copies of
the 1" grid blackline and you’ll have more than
enough for 12 columns. Mount them and lami-
nate for reuse. Write each child’s namein a square
of their birthday month.

Component

Pattern Grid and Markers

SKILLS TAUGHT

¢ Counting

e Numerical recognition

¢ Names of the days/months
e Visual patterns

e Number patterns

¢ Evolving patterns

e Predictions

INSTRUCTIONAL IDEAS

Pattern plays such an important role in the
understanding of mathematical concepts. The
young child who recognizes, creates, extends
and reproduces mathematical patterns will
have an excellent mathematical foundation upon
which to build future experiences. The Pattern
Grid is a valuable tool for this purpose.

We challenge the students to discover and
extend a “pattern of the month”. One step of
the pattern is revealed each day using markers
that are hung on the calendar grid. Each marker
is labeled with the day’s date and reflects the
corresponding step in the pattern.

It is with pride that children discover horizon-
tal, vertical and diagonal patterns, as well as
number patterns. They become skilled in guessing
the pattern as well as predicting the next step in
any of these directions. Number patterns help
promote a connecting link with multiplication
and division (see Musical Array-ngements booklet
and cassette tape).

In the following dialogue a pattern is illustrated
which uses geometric figures and repeats every
five days. While it is fun to use seasonal pattern
grid markers, such as pumpkins and Pilgrim hats,
we have discovered interest rises if other ideas are
incorporated. While this is not a time to develop
concepts, it is natural to expand the use of math-
ematical vocabulary and to reinforce skills in need
of review.
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September

Sun. | Mon.| Tues. fWed. | Thur.} Fri. | Sat.

TEACHER Let’s see what number is on today’s marker.
What do you think it will be?

Les That’s a pattern we can depend on—it will bea 5!

TEACHER Not tough enough, eh? Well, who can tell me
what design will be on it?

PEARLY MAE Well, so far we have triangle, rectangle,
triangle, rectangle. I think this one will be a triangle!
I think it’s a 2-step pattern.

PETE ] bet you’re trying to trick us. You wouldn’t give us
one that simple. We did ones like that in kindergar-
ten.

IRENE The pattern may not be finished yet.
PETE Ooooh, Irene! You just might have it!

TEACHER Yes, Irene, the pattern is not completed. Let
me show you today’s marker. (Teacher holds up a
marker that has a square on it.)

PETE A square! You really did fool us.

September
Sun. | Mon. | Tues.| Wed.] Thur. | Fri. | Sat.

mi
4

TEACHER The pattern this month uses 5 steps. Join me
in clapping for triangles, snapping for rectangles and
wiggling fingers for the square.

Children join the teacher: clap, snap, clap, snap,
wiggle, clap, snap, clap, snap, wiggle.

TEACHER Could anyone suggest another way we could
represent the same type of pattern?

LARRY ['ve lived in 3 different states. I could use those
states. Let’s say: Idaho, Mississippi, Idaho, Missis-
sippi, Alabama, Idaho, Mississippi, Idaho, Mis-
sissippi, Alabama.

TEACHER Yes, that’s another idea. Now, since the
pattern uses 5 steps, let’s count by ones and only
speak aloud on the last step of the pattern?

CHILDREN Sure. (Whisper) 1, 2, 3, 4, (speak) S, (whis-
pen) 6, 7,8, 9, (speak) 10, (whisper) 11, 12, 13, 14,
(speak) 15, (and so on, as far as you like).

TEACHER Can anyone look at the second box in the third
row and predict what we might see?

TeD OK...mmmm...hey! That would be a square, 1
think!

TEACHER How did you figure that?

TED Our pattern started on a Monday, so I just counted
fromthere—1,2,3,4,5,1,2,3,4,5,1,2,3,4, 5—
and when I landed on that box, Iwason a 5. Five is
the last step of the pattern and squareis the last step,
also. So it will be square.

LLoyp I did it differently. That box is on a Tuesday and
we’ll have to go through two full weeks and one more
day to get to it—that’s 15 days. The 15th step of our
pattern will be square.

You may want to have the children predict what
will be seen on other days of the month. In
particular, it is helpful to identify what kind of
marker will be on the last day of the month. Also
determine how many of those days are scheduled
for school attendance. At the end of the month
compare to see how many days you actually did
attend school. Did snow or a flood cause school to
be cancelled? Were you home from school on any
holiday?

Make each day’s discussion of the calendar
grid brief. To ask all questions daily would kill
the momentum. Remember these are not concept
lessons, but simple review discussions. Move
quickly through the calendar extravaganza—
alternating your emphases. You'll be as pleased
as punch with the results.

MAKING INSTRUCTIONS

The grid. You may use a commercially-
prepared grid, or you may simply make your own.
It is wonderful to use 5" squares, so children can
see the pattern clearly. If you have bulletin board
space available for this purpose, use yarn and pins
to mark it off. Allow enough space at the top to
place cards labeled with the abbreviations of the
days of the week. Hang that month’s birthday hat
nearby. Or, you may choose to write that month’s
name on a 4 x 6 index card to display in place of
the birthday hat.
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September

Sun. § Mon.| Tues. | Wed. | Thur.| Fri. | Sat.

The markers. Cut enough 5"-square cards to
have one for each day of the month. You may have
the children assist you in making the pattern
markers for your grid. It is especially fun for the
“creators” to know the pattern as their classmates
try to guess. We are never short of volunteers to
make markers. (We do, however, make the mark-
ers ourselves for the first month of school.) A great
deal of planning, problem solving and critical
thinking is involved in the process of making the
markers, laying out the pattern, adding the num-
bers for the date, etc.

TEACHER TIPS

We have not suggested patterns for each month,
because you know better than we what your
children’s strengths, weaknesses and needs are.
This might be a good opportunity to review such
concepts as time, fractions, open/closed curves,
states East and West of the Mississippi River, or
even phases of the moon.

If the month’s pattern repeats every five days (as
in the dialogue), use it to study multiplication and
division patterns involving the number five. We
like to put a chicken ring on every fifth day’s
marker, sing the Slicing By Fives song and do an
extended number pattern lesson using the fives
counting pattern.

Our children love to create a pattern by accumu-
lating a cup of rice each day, forming pints, quarts
and eventually gallons. We found through this
daily accumulation, our children soon became
proficient with volume. They begged us to con-
tinue it for the next month as well.

Component

Chalkboard Date

SKILLS TAUGHT
® Various ways to record dates
¢ Language skills

INSTRUCTIONAL IDEAS

Post a student chalkboard near the calendar grid.
Ask children to volunteer ways to write the day’s

date. As the children make suggestions, write
them on the chalkboard. Keep a quick pace by
limiting the responses to 3 a day.

r

\

Sept. 8, 1991
9-8-91

09-08-91
9/8/91

\ J

Leave the dates displayed all day long. As the
children date their papers during the day, encour-
age them to write the date in a variety of ways.
(Our children have even tried to stump us by
suggesting methods used in other countries. What
fun!)

MAKING INSTRUCTIONS

Pin up a student chalkboard near your calendar
grid. (The black chalkboards available from The
Math Learning Center are perfect for this.) Also
keep some chalk and an eraser nearby.

Component

Tally Pad

SKILLS TAUGHT
¢ Counting by ones, fives and tens

Tallying

Addition combinations

Math terms: vertical, diagonal, horizontal
¢ Multiplication and division

INSTRUCTIONAL IDEAS

Tallying is another way to record the number of
days in each month that school is in session. It's a
fun way to record information! You'll see your
children using the tally method to record their
own information at the most unexpected times.

TEACHER How many days have gone by so far in
September?

LYNETTE Eight—that’s easy! We see one 5-tally and 3
ones. That makes 8!

TEACHER We need to tally today.
Do I need to write a vertical or
diagonal line?

TH 1l

THADDEUS We need another verti-
cal line! We only use a diago-
nal line when we have created a
multiple of 5.

T il
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TEACHER How could we write this as an addition
problem?

BARRY Five plus 4 equals 9. Or 4 plus 5 equals 9.

TEACHER Who thinks they can use both multiplication
and addition in the same problem to tell us what the
tally pad shows?

CARLOTTA [ can! One times 5 plus 4 times 1 [(1x 5) +
(4x 1)]. Or, 1 times 5 plus 1 plus 1 plus 1 plus 1 [(1
xXS)+1+1+1+1].

MAKING INSTRUCTIONS

Cut a piece of light-colored fadeless art paper into
an 8" square. Laminate the paper so you can easily
erase what you have written with a wipe-off pen.
(Orusea permanent marker erased with fingernail
polish remover.)

TEACHER TIPS

There is no need to use the tally every month.
Phase out the tally altogether once students are
familiar with it.

Component
Multiplication Visual Record
and Pattern Matrix

SKILLS TAUGHT

° Number patterns
¢ Multiplication

e Division
Extended addition
Pattern prediction

3

INSTRUCTIONAL IDEAS

Your children need to become familiar with ex-
tended number counting patterns. The purpose of
this component is to provide that familiarity by
focusing on one particular pattern each month.
For example, we explore the 2 pattern the first
month of school and the 5 pattern the following
month. After that the threes, fours, etc., are high-
lighted. By the end of the school year, each count-
ing pattern through the nines has been explored.
Likewise, opportunities have been provided for
your children to compare counting patterns for
likenesses and differences.

Begin by deciding which number pattern you
want to explore during the upcoming month.
Prepare the display to correspond (see making
instructions). Below is an example of the blank
display to be used with the 3 counting pattern.

When your children see this blank display for
the first time, they should be able to tell that 3 is
the pattern of the month to be explored. One clue
isthe 3 at the top of the display and the other clue
is the 3 units in each row of the array.

Each day you will color in one square of the
array. Use a different color in each square so each
of the squares can easily be seen as an individual
unit.

TEACHER What will happen when we fill today’s unit
on the Multiplication Visual Record?

AL Oh, boy! When we fill in today’s box we will have
filled in our first row. That means we can write
related multiplication and division problems on our

1 |12 |13 |14 |15 (16 (17|18 |19 |20

2122|2324 |25 (26 [27[28[29 (30

31|32|33|34|35(36|37|38|39(40

41 (42 (43 |44 |45 (46 | 47| 48| 49 | 50

51|52 (53|54 |55 |56 |57|58|59]|60

61|62 |63 |64 (65|66 |67|68|69]|70

71|72 |73 |74 |75 |76 | 77|78 |79 |80

81|82(83|84|85(86|87|88|89]|90

9192 (9394|9596 |97 |98 |99 [100
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record. We can also shade in the 3 on the hundred’s
matrix.

3x1=3 1x3=3
3+3=1 3+1=3

3 (01

1] 2 6178|910
1 (12 16 {17 (18 |19 | 20
21 |22 26 |27 |28 (29 [30
31 |32 36 |37 |38 |39 |40

46 (47 |48 (49 |50
5 |58 |59 |60
70

TEACHER Would you like to snap and clap the 3 pattern
today?

LYNETTE Yes! Let’s snap 2 times and clap once—like
this: snap, snap, clap. Then every time we clap, it
will be on a multiple of 3.

TEACHER Okay, let’s go forit. (The teacher and children
snap and clap together.)

TEACHER This time let’s add numbers as we snap and
clap. Whisper the snapped numbers and say the
clapped number aloud.

PAOLO Yeah. Every time we clap we should be saying
a number that fits in the 3 number pattern. (The
teacher and children count in unison as they snap
and clap.)

Continue filling rows by shading in one unit of
the array for each day of the month. Don’t forget
to shade 3 blocks each Monday to make up for
Saturday and Sunday. Each time a row has been
filled-in, sketch the complete rectangular array to
the side together with the corresponding multipli-
cation and division facts. (Refer to the example of
the 3 array on following page.)

As the blocks in the hundred’s matrix are being
colored, ask some prediction questions: Thirty is
shaded. Whatwill be the tenth number we color in
after 30? Will the number directly under 30 be
shaded? What patterns do you see horizontally?
vertically? diagonally? What is the greatest num-
ber that will be shaded on the grid? What is the
first number beyond 100 that would be shaded if
our matrix were extended? Whatkind of even/odd
patterns do you see from the shaded boxes? How
many shaded numbers will there be in all when we
finish? Will more odd or even numbers be shaded?

How many numbers ending in 0 will be shaded?

Atthe end of the month teach your children the
related number pattern song from the Musical
Array-ngements cassette tape. Encourage your chil-
dren to look at the matrix and/or the counting
pattern strip to help them sing the sequence of the
numbers. (Be certain that your children realize
that the numbers being sung represent the area of
the rectangular arrays in growing sequence.)

Move the Multiplication Visual Record and the
month’s matrix to a place in your room where
eventually all number patterns will be displayed
together. When you want to review a pattern, just
direct attention to the charts and sing the song,
chant the number pattern, snap-and-clap, bee-
bop or do a pattern of your own.

Attach a new record to the calendar display for
the next month and repeat the process with a
different counting pattern. (See 4 array pattern on
following page.)

By the year’s end, you will have a Multiplication
Visual Record posted for each counting pattern.
Whata wonderful reference tool. The visual learner
has images upon which to build future math-
ematical experiences. For the tactile learner, the
Visual Record recalls to mind the physical snap-
ping and clapping. The auditory learner experi-
ences the same number pattern through chants
and songs and by merely reciting the pattern.

MAKING INSTRUCTIONS

You will make one Multiplication Visual Record
display for each number pattern from 2 through 9.

For each display use two 18 x 24 sheets of
construction paper to form the background. Join
them to create one 36 x 24 sheet.

For each display, cut from 1” grid paper arectan-
gulararray: thewidth isdetermined by themonth'’s
number pattern, the length is 10 squares (except
the 2 pattern will need a length of 16 and the 3
pattern a length of 11). (For example, in the 3
month, you will need a 11 by 3; in the 5 month,
you will need a 10 by §; in the 7 month, you will
need a 10 by 7.)

At the top left of the display, attach the blank
array for that counting pattern with the multiplier
displayed clearly above it.

To the right of the array, place a strip of paper,
such as adding machine tape, the same length as
the array. This will be used for recording the
counting pattern.

To the right of the strip, you will be recording
each array in the growing sequence.

Make one copy of the large hundred’s matrix for
each month. Mount the matrix on a sheet of
construction paper. As each row on the array is
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each month. Mount the matrix on a sheet of You will also use the songs from the Musical
construction paper. As each row on the array is Array-ngements cassette tape.

filled, the corresponding number is colored in on

the matrix.

Example of the 3 array

X

-

Ihaflwwlww| ww
no
wo | N W=

4 x

Tw|ow|laaN
X

W

% 3x8=24 8x3=24
24+3=8 24+8=3
2

% 9x3=27 3x9=27
27+9=3 27+3=9
3x10=30 10x3=30
30+3=10 10+10=
Example of the 4 array
4x1=4 1x4=4
4 i 4+4=14+1=4
2x4=8 4x2=8
8 BEE B+4=2 8+2=4
3x4=12 4x3=12
12 12+4=3 12+3=4
4x4=16
16 @ 16+4=4
4x5=20 5x4=20
20 %204:5 20+-5=4
6x4=24 4x6=24
24 % 24+6=4 24+-4=6
28 7x4=28 4x7=2
28+4=7 28+7=4
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Component
Money Decimal Records

SKILLS TAUGHT
e Counting money
¢ Decimals

Money Decimal Records—Version 1

Use this activity when your dates are small
numbers. Using the number of the day’s date,
select that number of coins from each denomina-
tion of coins. (On October 3rd, 3 pennies, 3 nick-
els, 3 dimes, 3 quarters and 3 half dollars are
selected.) Then sort the coins and determine their
total value .

TEACHER Today is the third of October. Let’s place 3 of
each of our translucent coins on our overhead projec-
tor and then calculate the total value of the coins.

Teacher pullsthe name of a child from the Name
feely box. That child will place 3 of each of the
translucent coins on the overhead projector.

TEACHER Thanks, Thomas. Now, we need a plan.
What would be one way for us to count the total
amount of money shown?

DEREK Well, it would really help if we sorted the coins—
you know—oput all the half dollars together, all the
quarters together, all the dimes together, all the
nickels together and all the pennies together. (Teacher
or student sorts coins.)

DEREK Yeah, that really does help. It would help, too,
if we lined them up from the largest amount to the
smallest amount. That way we get the counting of
those big coins out of the way first!

TEACHER Show me what you mean.

Derek goes forward to the overhead projector
and arranges the coins from largest value to small-
est value.

BB

®E0O
0016,
00]0,

SARA Hey, that will help, Derek.

TEACHER Are we ready to count the coins now to see
what amount of money we have?

CHILDREN Let’s do it to it!

CHILDREN (Counting in unison, changing counting
patterns as the coins change) $.50, $1.00, $1.50,
31.75, $2.00, $2.25, $2.35, $2.45, $2.55, $2.60,
32.65, $2.70, $2.71, $2.72, $2.73.

TEACHER That’s right. There are 2 dollars and 73 of the
100 pennies needed to make another dollar. Now
who can think of a different coin combination to
make $2.73?

MORRIE I can! You could use 27 dimes and 3 pennies.

TEACHER Let’s try that. Come to the overhead and show
us that example. For our 27 dimes, what counting
pattern should we use?

ALICE We would count by tens 27 times.
Children count by tens until they reach $2.70.

TEACHER Now we have counted all the dimes and we
still have some pennies remaining. What do we do
now? Any suggestions?

DEL Sure! Let’s just switch over to counting by ones.
TEACHER Okay. You count by ones as I point.

CHILDREN $2.71, $2.72, $2.73. If we had 27 more
cents, we would have another dollar.

TEACHER Does anyone else have another way?

POLLY Yes, I think we could use S half-dollars, 2 dimes
and 3 pennies.

TEACHER Let’s place those coins on the overhead projec-
tor, so we can see them as we count.

Elicit a variety of answers, modeling a few.
Remember, this is not your basic exposure to
counting money. This is simply a quick review of
concepts learned earlier. It is fun to watch the
recognition of pattern evolve. At some point, a
child may even notice that you are adding 91¢ to
the previousday’s total when you add one more of
each coin.

TEACHER If I bought food worth $2.73 at the grocery
store and handed the clerk $3.00, how much change
would I receive?

CHILDREN Twenty-seven cents.
TEACHER Prove it.

The children set out the appropriate number of
coins on the overhead projector in order to de-
termine the difference between $2.73 and $3.00.
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Money Decimal Records—Version 2

Use the day’s date to indicate the number of coins
to pull from the feely box.

TEACHER Today is October 10th. Here, I'll pull the
name of two volunteers from the Name feely box.
Van and Vaunie, it looks like you two are the lucky
ones. Van, will you please come to the front and pull
10 coins from our Coin feely box? And Vaunie, will
you please sort the coins for Van as he pulls them
from the box?

VAUNIE Let’s see. We have 3 half-dollars, 2 quarters, 1
nickel, 1 dime and 3 pennies.

TEACHER S0 everyone can see the coins clearly, Vaunie,
will you please substitute these translucent coins for
the real coins and place them on the overhead
projector?

When the total number of coins has been col-
lected and sorted, lead the class in counting the
coins using the appropriate counting patterns.

Ask questions such as: Isee you made $2.18 with
your 10 coins. Is it possible to make $2.18 with
fewer than 10 coins? What is the least number of
coins you could use to make $2.18? How much
would we have if Van had gotten another dime
instead of the penny on the last draw? What if we
kept this total for tomorrow and added an elev-
enth coin. How much would we have if we pulled
a penny? a nickel? a dime? a quarter?

Money Decimal Records—Version 3

This version works best when the date is after the
tenth of the month.

Tell a story thatinvolves the number of the day’s
date as the amount of change received from some
transaction.

TEACHER (on September 14) I went to the store with
32.00 in my pocket. I bought cupcake liners so I
could bake cupcakes for some special friends. My
change was 14¢. How much did I spend?

Draw from the Name feely box to select a stu-
dent to lay out $2.00 in translucent coins on the
overhead projector however they choose. (If the
selected student seems uncomfortable, have them
choose a friend to assist.)

TEACHER I had 14¢ remaining when I left the store.
How can we arrive at the amount I spent on the
cupcake liners?

YOLANDA [ know. We can trade in one of the half
dollars for some smaller coins. Then we can remove
coins equaling 14¢. That will leave us with the
amount spent showing on the overhead.

Some money trading will come into play as you
use this version. For example, if the student shows
the $2.00 by using 4 half dollars, one of the half
dollars will need to be traded for coins of smaller
value until a total of 14¢ can be removed from the
screen. This would leave the amount spent ($1.86)
showing on the screen.

TEACHER (on September 15) I went shopping for new
markers and only had 33.25 in my wallet. I was
worried about having enough cash! 1 did have enough.
Can you tell me without my giving any other hints
how much the markers cost if my change was 15¢?

Continue making up a story problem each day.
Vary the amount of money you start with, but
always receive the day’s date as your change. Let
your children tell stories—you'll be just as enter-
tained as they are.

Money Decimal Records—Version 4

In this activity base ten number pieces are used to
make the connection between money and deci-
mals clear to your children. Information is re-
corded on a Money Record sheet (see blacklines).

Put $4.00in overhead coinsin acontainer. Have
a volunteer remove at least 10 coins (or enough
coins to equal today’s date) and count them at the
overhead. Record the total amount on the Money
Record Sheet, by outlining a whole square for each
dollar and partitioning the square to the right of
the decimal point to indicate the portion of a
dollar represented by the cents. Here are some
examples.

$2.58
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$ 3.06

Money Decimal Records—Version 5

Follow the procedures for Version 4. Then ask your
children to determine the number of cents needed
to complete an additional dollar.

\\ /many more

2.58 hundredths (cents)
A are needed for
3.00 another dollar?

TEACHER TIPS

The concept of decimalsis easily explored through
money. Each time a collection of coins is counted,
ask your children to describe the collection in
terms of whole dollars and part of another dollar.
Discuss the role of the decimal in separating the
whole from the part of the whole.

Component

Today'’s Array

SKILLS TAUGHT

e Multiplication

e Division

e Prime numbers

¢ Composite numbers
e Odd and even numbers
¢ Factors

¢ Square numbers

e Square roots

e Rectangles

e Linear unit

¢ Dimensions

e Area

¢ Product

INSTRUCTIONAL IDEAS

Every day when a number is added to the calendar
grid, display the corresponding number of trans-
lucent square tile on an overhead projector. The
children can again visually develop the image of
one more object representing one more day.

The translucent tile are a versatile tool that can
be easily arranged and rearranged to form various
rectangular arrays. These arrays help children learn
visually about the factors of numbers.

not rectangular arrays

rectangular
array

These arrays will help your children observe the
following:

Rectangle: a 4-sided figure (polygon) that has 4
right angles.

Area of a rectangular array: the number of
square units used to build the array. Here each tile
represents a square unit.

11213] The area of this

rectangle is
41516 6 square units.

Dimensions of arectangulararray: thelengths
of the adjacent sides of the array. The dimensions
are measured in terms of units of length (linear or
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line units). In the picture below, the unit of length 6
is the edge of a square tile. @~ % —m—e—e—e— e
[1[2]3]4]5] 6'“ Six is a composite
B_ 1 square number. It has more
= unit —_— 11213]| than 2 factors (1, 2, 3
,T\ A | I The di . 2 and 6).
. 2 e dimensions 41516l
1 unit of I I of this rectangle —_——
length V e —! are 2 and 3. 3
<—3—>
— e e e Prime numbers: Some numbers have exactly 2
'T\ | | factors and can be represented by a rectangular
3 | | The dimensions array of tile in only one way (disregarding orienta-
of this rectangle tion). These are called prime numbers.
V I____l are 3 and 4.
<—4 —> 7

A prime number has
Identifying a rectangular array: an array is |1 |2 I 3 |4|5 I 6| 7“ 1 exactly 2 factors.
often referred to in terms of its dimensions.

Square numbers: Numbers that can be repre-

,r sented by a rectangular array that is also a square
g 3 are called square numbers.
\y 3 > \l/ 112]3 11 2] 3]4
A2by3 <4 > 41516 516]7]8
(o 3 by 2) array. A3 by4 718]9 ohofi1[12
(or 4 by 3) array. 9is a 13[14]15]16
Modeling multiplication and division with ;%Lrl'r?rbir. :‘S{Egeiquare
arrays:
Multiplication: What is 5 x 6? or What is the 6
area of a S by 6 rectangle? 11213 2
41516
T Th d 71819 12
§ e procuct fofni2) CTTTTTTTTTTTT
Sl area=?]_] areaof this .
rectangle. 12 is a not a square number because
12 tile cannot torm a square.
Factors are < 6 > Each dimension of a square array represents the
represented by square root of the number of tile in the array.
dimensions.
3
Division: What is 30 divided by 5? or A rect- o e e
anglehas an area of 30 and one dimension 5. What 3is the | I
is the other dimension? square root 3 | |3
of 9. | |
T The quotient N
30+ 5is the
3 | 30 squares_| missing dimension. Even and odd numbers: An even number of tile
\L can always be arranged into a rectangle that has a
1 —> dimension of 2. An odd number of tile will form a

rectangle with a dimension of 2 that has a corner
Composite numbers: Some numbers can be tile missing.

represented by more than one rectangular array.

These are called composite numbers. Composite | <—This dunit
needs a
numbers have more than 2 factors. partner to
even not even (odd) ~ Match.
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TEACHER We have placed today’s marker on the calen-
dar grid to show that this is the sixteenth day of
March. (Pulling a name fromthe feely box.) Laranda,

would you please place 16 square units on the
overhead?

TEACHER Who can form a rectangle from all 16 square
units?

JOSEPH I can make a long, skinny rectangle.

The teacher records on chart paper the observa-
tions volunteered by the children.

WA
[

i

- "
1

D A\E

Dimensions: 1 and 16
Factorsof 16: 1 and 16
Perimeter: 34 line units

Various ways to write expressions:

o

/.--!< -

[

10 2: 3i 4: 5: 6} 7i 8 9:10111:12:13{14i15:16}}

1/

—
-

/i

Area: 16 square units 16
Te16=16 16+16=1 X 1
161 =16 16+-1=16 ﬁ .....
1(16)=16 1

16(1)=16 16)76 18

16 =16(1) 16 1€
16=16+1 116

TEACHER Can another rectangle be formed from all 16
square units?

Another volunteer moves the tile to form a 2
by 8 array. Again, the teacher records this as
the children verbalize.

TEACHER What information can be gathered from this
array?

TEACHER Would anyone else like to make another
rectangular array? Go for it, Amanda.

AMANDA [ can make one with 3 in each row, I think.

TEACHER Rearrange them, Amanda, and see if you can
make a rectangle with 3 units on one side.

Children test the suggestion by moving the 16
tiles around to try to form a rectangle with one
factor of 3.

josePH Oops. That didn’t make a rectangular array.
Let’s try again.

TEACHER Could one side have S squares?

JUAN No, that won’t work because every time we try it,
we have a silly oddball sticking out alone messing up
our rectangle.

TEACHER Show me what you mean.

UNA I don’t have to make one. It’s just the same as the
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one we already have. A 3 x S is the same shape as
a 5x 3!See?

The child is allowed to give additional expla-
nations if necessary.

TEACHER Well, maybe that’s all we can make.
YURI No! Let’s try 4 on one side! I think that will work!
TEACHER Who would like to try it?

The volunteer moves the tile to form a 4 x 4
rectangular array.

poLLy We were right! It has 4 on one side and we used
them all to make a rectangle. This rectangle is
special—it’s a square!

TEACHER Is a square a rectangle?

DOLLY It’s a special one. It has opposite sides that are
parallel and 4 right angles. It is just like any other
rectangle. The only difference is that a square’s 4
sides are exactly the same length.

TEACHER Does anyone remember what we call a num-
ber that can form a square array with the colored
tile?

ZANDRA That’s not hard for us! It’s just a square
number! This is really neat. No matter how you turn
the square, it has 4 units of length on the side. Wow,
that 4 must be really important.

TEACHER Yes, we call 4 the square root of 16, because
each side of the array is 4 linear units long.

—~ N

4 is the
square root
of 16

\/v\_/
4

The teacher records the children’s observation
that 4 is an additional factor of 16. The 4x 4 array
is also shaded in on the grid paper. (See the
complete array display on the following page.)

Component
Incredible Equations

SKILLS TAUGHT

s Problem solving

* Equations

¢ Sharing new mathematical ideas

INSTRUCTIONAL IDEAS

Expect to hear cheers when you move to the
Incredible Equations chart, an activity most
students have been eagerly awaiting. Many
children will try to “gee-whiz” the entire
class with a super equation.

Ask a volunteer to suggest an equation that
would reflect the day’s date.

Individual comfort zones will vary from child
to child. Therefore, when a child suggests an
equation, you may need hex-a-link cubes or
other manipulatives to demonstrate how that
equation is appropriate. Even if a child gives a
wrong answer, encourage the class to work
with it until it is fixed.

When a child gives you “2 times 4”, remember
that you as the teacher have several options when
recording. Use a variety of ways to represent that
information; for example, “2 times 4” is most
often written as 2 x 4, but you can show that 4 +
4,2 +2+2+2,24o0r 2(4) could be used.

TEACHER Who can tell me today’s date by looking at the
calendar grid?

CHILDREN Today is the 13th day of October—October
13th.

TEACHER Correct! I'm looking for some absolutely
outstanding, incredible equations toequal 13.1 hope
some of you worked last night thinking of some
wonderful ways to make 13!

MORRIE Oh, wow! I've got a humdinger: 5+3 +5=13!

TEACHER I’m going to record that here on the chart. Are
there any more suggestions?

vickl Oh, I've got one: 39 + 3.
TEACHER Let’s prove that one. Can you help me?

VicKi (At the overhead) Sure. I'll need 3 strips and 9
units for 39. I can then make an array that has 3
rows like this:

I [ [
o™
CCrrirr e

One dimension is 3 and the other must be 13, since
each row has a strip and 3 units in it.
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Complete array for 16

R T T A
pd
o

S s \/'—'\ . .
e SR g S Dimensions: 8 and 2
H - e e 1l 1) line units
3 o TETION  O  w 4 Factors: 8 and 2

Va ‘IR 1)

Perimeter: 20 line units

-{ Dimensions: 1 and 16 line units

{ Factors of 16: 1 and 16 line units

"] Perimeter: 34 line units

1:2:3:4/5:6:7:8:910:11:12:13:11411516)

/
s

Area: 16 square units
Even 8 2
Composite x2 x8
248=16 16 T6
8e2=16
16 = 8(2) 8
16=2(8) 8)16 2y76

(J Dimensions: 4 line units
N

Factor: 4

Perimeter: 16 line units

.| Area: 16 square units 16
1¢16=16 16+16=1 1
16e1=16 16+1=16 g
1(16)=16 1 1
16(1)=16 16)16 x16
16 16
16 =16(1)
16=16+1 1716
i
( )
4
\ p)
N\ -y

H H R

[ H ] H S

4-16+4 4

4(4)=16

4
1% 476

.....

TEACHER That is another good equation. I'll write that
one here. Are there any more volunteers.

oTTo I think I have one. Yesterday we said that we
could make 12 by multiplying 3 by 4. So I think we
could make 13 by multiplying 3 by 4 and then
adding 1. Is that right?

TEACHER Let’s check by setting up 3 fours here with the
hex-a-links. Have we made 12?

CHILDREN Yes!

TEACHER Now as we add 1 more, what number have we
created?

CHILDREN Thirteen! Hey, that was pretty good thinking.

39+ 3=

Continue accepting suggested equations for a
short while, keeping the pace snappy and quick!
So the magic doesn’t disappear, stop while the
enthusiasm is high.

This is a marvelous time to use calculators in
your classroom. Choose a few children from
your Name feely box to be “checkers” with
their calculators. When an equation is
volunteered, have it checked with the calculator.
If you have an overhead calculator, it can be used
to check some of the equations. We especially like
the way each child can see the display.
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MAKING INSTRUCTIONS

Write with markers on 24 x 36 sheets of chart
paper or newsprint. After the equations have
been recorded, pull a name from the Name feely
box to determine who gets to take it home.

235 4+ 3/7=265=13 1
13= 5 8013
3200 _gooo
13¢171=13 13
\,-\/\/-\/\_/\

Overhead and individual calculators are avail-
able through The Math Learning Center.

Component
People Fraction Bars

SKILLS TAUGHT
e Fraction vocabulary
e Recording fractions

* Representing fractional amounts with visual
models

INSTRUCTIONAL IDEAS

Each day invite a group of six or less children (for
example, those whose middle name begins with P)
to step in front of the class. These children will
model people fractions.

What can be observed about these children?
How can fractions be used to represent these
observations?

TEACHER As I look at this fine group of four children, I
notice that two of the four are wearing shoes with
shoestrings. Let’s record that as a fraction on our
chart.

4NCREDIBLE
EQUATIONS

2 D
1Y o Jg0
. 3 x P
22=13
Zb.\:z_l\ﬁ\’s
@ﬂb"

Z wear
shaes-h—(nss

TEACHER Let’s show that fraction with a visual model.
I have cut a long, blue rectangle into four equal
sections.

cut
cut
cut

Each section is solid blue on one side and shaded on

NN e
///Aﬁ//é

I will give one section to each of our friends. I'd like
those wearing shoestrings to show the shaded sides
of their cards and those without shoestrings to show
the unshaded sides. By moving the cards together,
we can show a long rectangle.

TEACHER What do you notice about the rectangle?

MARTHA Two of the four sections are shaded—just like
two of the four children are wearing shoestrings.
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TEACHER (pulling a name from the feely box) Tara, will
you please draw a smallrectangle beside our fraction
and shade it to reflect the group.

TARA I can draw it in several ways.

| can
show it
several

%{ wear s\noes-h'inas

2i | ¥7

TEACHER (drawing a circle on the chart) How could we
use this circle to show that two of the four children
are wearing shoestrings?

ARNIE Divide the circle into four equal parts and shade
two of them.

7{’ wear shoe_s*l'rings
[ TN N [ N

> &
\/

This discussion of people fractions is only a tiny
bit of what you will be doing with your children
throughout the year. Spend a maximum of five
minutes on this Calendar activity. The Contact
Lessons of this program include similar experi-
ences.

MAKING INSTRUCTIONS

Use the bottom fourth of the Incredible Equations
chart or use a separate 8 x 11 sheet of paper for this
activity.

See Materials Guide for directions for making
People Fractions Bars.

TEACHER TIPS

You may choose to omit People Fractions alto-
gether on some days and use fractions to describe
data gathered in other Calendar components.
What fractions can be written about information
shown on the Weather Graph, the Dental Floss
Record, Birthday Hats, etc.

Other models can be used to depict people
fractions, such as these:

N

AN

A\

Component

Clock Reading

SKILLS TAUGHT

¢ Counting by ones and fives
¢ Problem solving

e Fractions

e Before and after

e Roman numerals

e Clock awareness

INSTRUCTIONAL IDEAS

Telling time is such a difficult concept for young
children because itisn’t something they can reach
out and touch. In all the other areas of mathemat-
ics children can be given the opportunity to work
with manipulatives. But when we discuss time,
regardless of how concrete we try to make it, there
is still that element of abstractness. By providing
the children with many, varied experiences of
duration measurement, we build the foundation
for telling time.

The opportunity for the children to read clocks
is equally important, so incorporate this into your
calendar extravaganza. Rather than worry about
time itself, talk about the clock as a tool. Give your
children many non-threatening opportunities to
practice reading the clock in the standard round
form as well as in the now-popular digital form.

An egg carton and a lima bean can become a
“time machine”. A time is recorded and the
children discuss this time in relation to other
moments in their day. Use the Name feely box to
pick the time machine “shaker”.

TEACHER Ardyth, it appears that you are our lucky one
today! Would you please shake our time machine?

ARDYTH Boy! I've been hoping you would pull my name
to do this. I’'mgoing to shake it real, real hard. Shake!
Shake! Shake!

TEACHER Now open it. Look to see upon which the lima
bean has landed to determine our hour.
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ARDYTH It landed on 9. That means it’s 9 o’clock!

JoE Maybe, but maybe not! We have to shake the bean
againto find out ifit’s exactly 9 o’clock. There’s only
one chance that the bean will fall on 12 to make it
9:00, but how many chances that it won’t fall on the
122

SONIA Ummmmm...11. Right, we have 11 chances
that it will land on a number other than 12. You
know, it probably won’t land on the 12.

TEACHER Now, close it and shake it again to see if it will
be exactly 9:00 or not. This shake will determine the
minutes.

ARDYTH Shake! Shake! Shake! Oh, it landed on 9 again.
To show the minutes we will need to count by fives
9 times: §, 10, 15, 20, 25, 30, 35, 40, 45—45
minutes. Man! That’s almost the entire 60 minutes.
That hour hand is going to need to be very close to the
10. In 15 more minutes it will become 10 o’clock.

TEACHER Let’s record 9:45 on our round clock face. I'm
going to pull a name from the feely box to do this.

TEACHER Shacarla, your name has appeared! Take the
marker and draw the hour hand on the face of the
round clock to show that 10 o’clock will be just
around the corner.

SHACARLA I'm putting it almost on the 10 because 9:45
is very near 10 o’clock. (She draws in the hour hand
between the 9 and the 10—nearer to the 10 than the
9.)

TEACHER Alright, now I will draw another name. This
person will draw in the minute hand. Nom Pin, come
ondown. The time is 9:45. The minute hand needs
to reflect 45 minutes past 9 o’clock.

NOM PIN Here, give me that marker. I know exactly how
to do this! Hey guys, count with me by fives around
the clock until we reach 45! That’s where I’ll draw
the minute hand.

Children count with the student until 45 is
reached. The minute hand is drawn to the 9.

TEACHER Now we need to put that same time on our
digital clock.

JOE Easy smeasy! Just write 9, colon, 45. (Teacher or
child records 9:45 on digital clock face.)

TEACHER Let’s interpret the information. Exactly what
is it telling us?

ARDYTH Well, it is saying that the time machine has
been set for 45 minutes after 9.

LONNIE It also says that it is a quarter till 10.

CHET Yeah! It also says that in 15 minutes it will be 10
o’clock.

LYLE Oh, Oh! I know a good one! In 2 and Y4 hours it
will be 12 o’clock! I gee-whizzed you with that one,
didn’t I?

Teacher records the comments from the chil-
dren as they are volunteered.

45 minutes after 9

fifteen minutes
before ten

quarter till ten

in 2 /4 hours
it will be 12
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TEACHER What are we usually doing at 9:45 on a
school day?

VAUNIE That’s when we have just finished creative
writing and are preparing to go to P.E. Yeah, we are
usually getting a little noisy at that time—you know,
moving around a little more than usual because we
are gettin’ anxious to play.

TEACHER What do you expect to be doing tonight at
9:45?

CHET Snoozing! I go to bed at 9:00. I bet I'll be sound
asleep. Or maybe I’ll have my flashlight under my
covers, so I can read some more in this mystery novel
I checked out from the library yesterday.

MAKING INSTRUCTIONS

Create a time machine from an egg carton and a
dried lima bean (button, coin, or whatever).
Use a permanent marking pen to write the
numbers 1 to 12 in the sections of the egg
carton.

Place the marker inside and close the lid. To
determine the hour, shake the marker around
vigorously in the closed egg carton. Open the lid
to seewhere the marker landed. Close the lid again
and shake vigorously. This time, see where the
marker landed and then count by fives to deter-
mine the minutes to be recorded.

Duplicate the clock record sheet (see blacklines)
on 9 x 12 construction paper and laminate it. Or
simply create a pad of several sheets stapled to-
gether. You can tear off the top sheet each day for
a child to take home.

A blackline is included showing Roman numer-
als on the standard clock face. Use it occasionally
when children are feeling confident.

TEACHER TIPS

The repetition of this activity will slowly
evolve into competent clock reading. By adding
clock reading to the many duration experiences
providedin other lessons, your children will slowly
develop a sense of time—even though they can-
not hold, measure or eat it! Be patient and allow it
to develop naturally, the results are astonishing.

Component

In The News

SKILLS TAUGHT

e Current events

e World awareness

e Map skills

e Speaking and listening

INSTRUCTIONAL IDEAS

We often end the day’s extravaganza by dis-
cussing current events. Children will become
interested, vital citizens as they learn what is
happening in their world.

Invite children to bring printed news clippings
each day to share. Discuss the clippings, using
this opportunity to explore geography on a
large world map. Post the clippings beside the
Calendar Extravaganza display. Each afternoon,
return them to their owners.

Some on-going events may stimulate contin-
ued interest. It is impressive to see young
children eagerly searching through the
newspaper to find the latest news about the
“hot topic”. Ask students to leave items of
special interest (or make a photostatic copy
before returning them).

At times collect articles about a particular
topic for several days and make a bulletin board
display or create a timeline. Here you will have
a record of history in the making. Perhaps fifty
years from now your students will be telling
their grandchildren, “I remember when...,”
recalling a memorable In The News discussion.
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The following general manipulative materials
are needed to carry out the activities in Opening
Eyes to Mathematics. It is possible that more than
one teacher can share a classroom set . Conduct an
inventory of the available materials in your school
before ordering others.

Children will respect and carefully handle mate-
rials if the materials are well-organized and their
correct use is modeled by the teacher. We have
included suggestions for storing materials. In our
experience, the first suggestion in each list saves
the most time when distributing materials or re-
turning lost-and-founds.

o€ Materials marked with a 8 can be prepared
by you or your assistants. Some of these
materials can also be purchased from MLC
Materials at the address given below.

$ Materials marked with a $ are available from
MLC and will need little, if any, additional
preparation on your part.

* Materials marked with % can be stored in a
central location and easily shared by many
teachers.

Order Math Learning Center materials from

MLC Materials

PO Box 3226

Salem, OR 97302

(503) 370-8130

Note: MLC Catalog symbols, preceded by a #, are

included in this Guide.

Overhead Manipulatives

Each teacher will need access to an overhead
projector and marking pens. If an overhead projec-
tor cannot be provided, enlarged replicas of over-
head pieces can be used. Make these from poster
board, laminate them and attach magnetic tape to
the back. Use these pieces with a magnetic chalk-
board, cookie sheet or filing cabinet.

#<$ Base Five Counting Pieces (#PGFO: referred
to as “Base 5 Plastic Grid for Overhead Projec-
tor” in catalog)—cut apart on heavy lines

& BaseTen Counting Pieces—one set per teacher
(We recommend those listed under Catalog
#OH10 referred to as “Overhead Base 10
Blocks”.)

& Colored Squares for Overhead Projector
(#SQ)—one set per teacher

o< Pattern Blocks for Overhead Projector
(#PBO)—one set per teacher

& Clear Geoboard (#GBC)—one per teacher

& Overhead Calculator (#TIOH)—one per
teacher
& Overhead Fraction Bars (##BOH)—one set
per teacher
& Overhead Spinner (#SPOH)—one per teacher
Storage Suggestion 1: Place each set of these
manipulatives in a resealable storage bag. Label
the bags and place them in a translucent storage
box (available at mostdiscount department stores).
Keep the box on or near your overhead projector
cart for easy access.
Storage Suggestion 2: Store the overhead collec-
tion in heavy-duty, gallon-size, resealable storage
bags.

Partner Manipulative Kits
(for teams of two children)

8§ Base Five Counting Pieces (#PGF)—one set
per child. Purchase Base 5 Plastic Grids from
MLC Materials. Or, for each child, duplicate
a set on construction paper using Blackline
#5 and laminate. Cut apart along the heavy
lines and store in a resealable bag. (These
Counting Pieces are called “Base 5 Plastic
Grid” in MLC catalog.)

&% Base Ten Counting Pieces (We recommend
those listed as Catalog # USM)—one set for
every two children. Make individual sets of
these pieces by duplicating Blackline #7 on
construction paper. Laminate the page and
cut the pieces apart along the heavy lines.

8<$ Ten-Strip Boards (#TSB)—one per child. Pur-
chase these from MLC or create your own
from Blackline #14. (Ten-Strip Board packet
includes Decimal cards)

$ Chalkboards (#MBIOS)—one per child
&< Erasers—Ask your children to donate mis-
matched socks for this purpose. Chalk can be
stored inside the sock when not in use.
8<$%* Fraction Bars (#FB)—one set for every two
children. Use purchased ones or prepare sets
by duplicating Blacklines #90-#94 on desig-
nated colors of construction paper—halves
(green), thirds (yellow), fourths (blue), fifths
(purple), sixths (red), tenths (white) and
twelths (orange). Laminate these Fraction
Bars, cut apart, and place in a resealable
storage bag.

#<$ Number Card Packet (#NCP)—This packet
may be purchased from MLC or it can be
prepared as follows: Make 1,000 cards by
cutting five hundred 3 x S index cards in
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half. Label these cards with the numbers 2. Assemble with strapping tape.
from 1 through 1000, respectively. Randomly
separate the cards into piles of 30-50 cards
and place these piles in resealable storage
bags. These packets are used as sources of
numbers in many lessons and should be
rotated among the children to provide expe-
rience with a large variety of numbers.

&3 Linear Units (#LU)—S50 to 100 for every two
children. Use purchased ones or create your
own by cutting coffee stirrers into 2 cm 3. Remove backing from adhesive plastic cover-
lengths. ing and attach to box lid.

%% Decimal Cards—one for every two children.
These may be purchased as part of the Ten-
Strip Board packet or made by drawing a large
dot on a 2" x 2" piece of card stock.

89 Individual Multiplication/Division Discus-
sion Cards (#IDIS)—one set per child. Use
purchased ones or duplicate sets from
Blacklines #29-#32. Laminate, cut apart and
place each set in aresealable storage bag. You
may wish to have your children make an
additional set that can be used at home.

Storage Suggestion 1: Store these materials in a

Basic Operations Box (BOB). The standard Box-It

box from the Math Learning Center (Catalog #BL)

is perfect for this purpose. Throughout the year,
the contents can vary according to the concepts
being explored. (For example, we begin our year
with base five pieces in the BOB boxes. Later these
are replaced by base ten pieces.) When a material
is not being used, it can be stored in a different
place. Label both ends of each box with an identi-
fication number. Likewise, except for the base ten
pieces, label the contents of that box with the
same number in order to make it easy to return
lost-and-found items.

Follow these steps to construct your own BOB
boxes:

1. Cut a rectangle of adhesive plastic that is

larger than the box lid.

ners.

I~
1 1 1/2"

{‘l’

i
1"

plastic adhesive
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8. Place lid on box and cut one piece of 1/4"
elastic long enough to fit once around the box.

elastic
should
meet
without
stretching

> - - ¥
‘‘‘‘‘

9. Remove lid and punch hole in center with
scissors.

11. Slide a paper clip under knot and secure clip
with strapping tape.

Storage Suggestion 2: An alternative storage
suggestion for Partner Manipulatives is to use a
labeled, heavy-duty, resealable storage bag. These
may, in turn, be stored in large tubs or boxes that
are clearly marked so that children may easily
retrieve and replace their own materials.

Team Manipulatives Kits
(for teams of four children)

Type A Team Manipulatives

$3 3/4" Wooden Cubes (#CW75 or #CW755)—
100 to 125 per team

Hex-a-Link Cubes (#HL10 or #HL5)—100 to
125 per team

$% Plastic Pattern Blocks (#PPB)—250 per team
$% PopsicleSticks (#51000)—150 to 200 per team

Storage Suggestion 1: Store each set of
manipulatives for a team in a half-size Box-It box
(Catalog #BH). Assemble this box in the same way
as the BOB box above. Label both ends with its
contents. Color code similar manipulatives with
patterns of self-adhesive plastic covering. (For
example, all boxes containing wooden cubes may
be covered with a shell design, while those with
pattern blocks may be covered with a floral design,
etc.) Lost-and-found items can then be returned
easily to their rightful place.

Storage Suggestion 2: Store each set of
manipulatives for a team in a translucent, plastic
quart or half-gallon kitchen container with lid.
Bags of objects that are alike may be stored in large
tubs or boxes. Mark them clearly so children may
easily retrieve and replace materials.

$x

Type B Team Manipulatives

< Group Fraction Bars—one set for every four
children. Duplicate each set on 9 x 12 con-
struction paper using Blackline #4 to shade
one of the sides. Each piece of construction
paper will make two sets. Use green for halves,
yellow for thirds, blue for fourths, purple for
fifths and red for sixths. Laminate and then
cut as shown:

green/halves yellow/thirds

blue/fourths

T ——

.

red/sixths

R,

'
'
[
1
[
[y R
P
'
'
]
'
'
1

'
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I
'

'
R
1
'
T

1
[
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% Toothpicks—200 for every four children

*$ Magnifying Glasses (#MAG)—one for each
child

<% Elastic Loops—one for every four children.
These are made by sewing together the ends
of a 2-yard length of 1"-wide elastic (prefer-
ably black).

Storage Suggestion 1: For each team, store a set
of these materials (with the exception of the
elastic loop) in a resealable bag. When not in use,
store like bags in labeled half-size boxes. Use the
same pattern adhesive plasticcoveringforall Type
B team manipulatives.

Storage Suggestion 2: Store in heavy-duty, gal-
lon-size, resealable bag(s) or sturdy, translucent,
plastic quart or half-gallon kitchen containers.

Type C Team Manipulatives

% Money Feely Boxes—one for every four chil-
dren. Push a plastic 12 or 16 oz. soda cup into
the toe of a stretchy, adult sock. Obtain a
large variety of coins by asking parents to
donate some pocket change. You will find it
cheaper to use real money than to purchase
plastic coins! The real thing is preferable and
promotes a code of honor within each group.

% Measuring Cups—one set for every four chil-
dren.

Individual Manipulatives
#<$ Large Hundreds Matrix (#LHM)—one for each
child. Use purchased ones or duplicate Black-

lines #38. Mount on 12 x 18 sheets of con-
struction paper, trim, laminate and cut apart.
Store on a shelf within reach of your chil-
dren.

Math Journal—one for each child. Spiral-bound
notebooks are useful for this purpose. Math Jour-
nals are kept in desks.

$ Calculator (#TI01 or #TI02)—one for each

child. These can be purchased from MLC or
perhaps children can bring some from home.

$% Geoboards—ideally one for each child, al-
though they can be shared. Attach 8 to 10
rubber bands prior todistributing. (Welike to
use those listed under Catalog #GBC to ac-
commodate immediate show-and-tell of cre-
ations at the overhead.)

#& Necklaces—one for each child. Form a loop
by tying the ends of a 30" strand of yarn
together. Use two different colors of yarn.
(These are used to identify teams. For ex-
ample, if you have thirty children, you will
need 15 loops of one color and 15 of another.
Opponents are placed side-by-side to check
each other’s work.)

Large Group Manipulatives

<% Egg Cartons—6 with lids removed.

*$ Colored Pom-Poms—one teacher’s Kkit.
(#SETE)

<% Too Long, About Right, Too Short Graph—
laminate a 24 x 10 strip of paper and label
and use as shown below.

Laminate a 24 x 10
strip of paper and label.

When using these,
attach loops of tape

(sticky side up).

Each child attaches their
string estimate of length

in the appropriate

section (after measuring
selected object with the
string).

Secure the strings with

additional tape.
extra

|5

i
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% One gallon of rice—store in an airtight con-
tainer
€ Several funnels. These can be made by cut-
ting the top off two-liter soda bottles.

* Scales—one for every four children. Have
several kinds available including pan, bal-
ance, kitchen and bathroom scales.

% Measuring instruments such as rulers, yard-
sticks, meter sticks, etc.

& People Fraction Bars—one set. You will need
one sheet of each colored poster board: green,
yellow, blue, purple and red. Each sheet of
poster board will make three sets of bars.
Create bars for halves, thirds, fourths, fifths
and sixths as shown here:

shade one side

of poster board ~ green/halves

7/ ) 6" é
I R
6" :
Y . (I
2 Ly H
yellow/thirds blue/fourths
purple/fifths red/sixths

Shade one side of 18 x 24 posterboard using a
marker and yardstick to make slash marks. Mark
off divisions as indicated for each size, then lami-
nate and cut apart. Store each color in its own
resealable bag and place in a labeled Box-It Box (or
resealable bag).
<3 Discussion Cards (#DIS)—one class set. Pur-

chase from MLC and shade according to the
directions. Laminate and store in resealable
bags.

& Number Cubes—one of each of those de-
scribed below. Assemble 10 cubes by cutting
the pattern shown on Blackline #3 from
poster board, laminating and folding.

Using a permanent marker, label the respective

faces of nine cubes with the symbols or words
listed here.
a.0,1,2,3,43

h. unit, unit, tenth, tenth, hundredth, hun-

dredth

i.1,2,6,10,7,1

Keep the extra cube for occasional needs. This
can be labeled with a dry, erasable marker when
needed.

Construct and label a Box-It box for storing
these cubes.

Metal Rings (the kind that open and snap shut).
Have a variety on hand for binding books. These
are used to assemble Tell It All books.

Chart Paper: Many lessons call for 24 x 36 chart
paper or newsprint. You will need to have about 50
sheets on hand.

School Supplies: Your children will often use
their scissors, crayons, glue, etc.

Teacher Tip: For efficient storage, punch a hole
in each plastic, resealable storage bag to let the
excess air escape.

Child Made Story Books

Have the children follow these directions for
making Tell It All books:
Step 1: Fold a sheet of paper into thirds.

The /ong family went to th?beach. It
was 285 miles from their home in Bend
to Goshen. It was another 338 miles
from Goshen to the beach. How many

miles did they travel?
(O
oo~ 585

oocm -~ ;

285 338 + 285 =623

+ 338
623 623 =338 + 285

step 2

step 3

step 4

Step 2: Carefully copy the draft of their story in
the top third of the paper, leaving enough space
for holes to be used when binding:

Step 3: Use the middle third to model the story.
This model can be a free-hand sketch or a grid
paper diagram. The choice is up to the creators of
the story.
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Step 4: Described the story with numbersin the finished stories and bind them together with metal
bottom third of the paper. rings.

Step 5: Draw an illustration on the folded-up
bottom third of the paper.

The ]ong family went to th?beach. It
was 285 miles from their home in Bend
to Goshen. It was another 338 miles
from Goshen to the beach. How many
miles did they travel?

Choose volunteers to design the front and back
covers of the book. Then laminate (optional) the
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Acute Angle: See Angle

Addition
TRM: pp. 34-46
Vol 1: 1L 12, 45-50, 54-67
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TRM: pp. 89-93
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Problem Solving
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Introduction, p. 8
TRM: Chapter 12
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TRM: pp. 83-85
Vol 2: IL101-102
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Vol 3: Les 46
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TRM: pp. 18-26
Vol 1:IL 5-15
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C

Calculators: See Calculating Options
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Vol 2: CL 185
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Vol 3: Les C, 30, 31, 32, 50
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TRM: p. 93
Vol 1: CL 28
Vol 2: CL 137
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TRM: p. 93
Vol 1: CL 28
Vol 2: CL 137
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TRM: pp. 42-43

Vol 1: 1L 33-44
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TRM: pp. 59, 121, 124
Vol 2: IL 91
Vol 3: Les 22, 23
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Vol 3: Les 6, 33, 34

Cone
TRM: p. 93
See also: Geometry

Congruence
TRM: pp. 90, 93
Vol 1: CL 61, 62, 67, 68, 70
Vol 3: Les 7, 9, 11, 16, 20, 21, 37, 49
See also: Geometry
Contact Lessons (description)
TRM: pp. ix-x
Cube
TRM: p. 93
See also: Geometry, Measurement
Cylinder
TRM: p. 93
Vol 1: CL 25
See also: Geometry

135

OPENING EYES TO
MATHEMATICS

Index Key: TRM - Teaching Reference Manual; CL — Contact Lesson(s); IL — Insight Lesson(s); Les — Lesson(s)



136

OPENING EYES TO
MATHEMATICS

Index (continued)

D

Data Analysis, Graphing

TRM: pp. 79-85, 106-110

Vol 1: CL 2, 3, 14, 39, 56, 59, 60, 82

Vol 2: 106, 117, 135, 137, 140-142, 160-161,

180-183

Vol 3: Les 6, 18, 19, 33, 34, 44, 45, 51
Decagon

TRM: p. 93

Decimals
TRM: pp. 31-33, 118-120
Vol 2: IL 68-75
Vol 3: Les B, C, 2, 17, 24, 32, 47
See also: Fractions, Place Value, Problem
Solving

Diameter
TRM: p. 93

Difference (Comparison) Model for Subtrac-
tion

TRM: pp. 42-43

Vol 1: IL 33-44

See also: Subtraction

Dimension (relating 2- and 3-dimensions)
TRM: p. 92
Vol 1: CL 70, 71, 91
Vol 2: CL 119, 121
Vol 3: Les 12, 20, 21 39

Dimensions (of a rectangle)
TRM: pp. 2-5, 47-61, 115-117, 120-124
Vol 2: IL 78-100
Vol 3: Les 7, 12, 13, 14, 15, 22, 32, 43,
Appendix B
See also: Extended Counting Patterns, Division,
Multiplication

Distributive Property of Multiplication
TRM: pp. 54
Vol 2: IL 94-96
Vol 3: Les 13, 14, 15, 22, Appendix B
Division
TRM: pp. 47-61
Vol 2: 1L 76-100
Vol 3: Appendix B, Les B, C, 14, 15, 17, 22,
23, 24, 27, 28, 29, 50
See also: Area Models for Multiplication and
Division, Arrays, Calculating Options,
Extended Counting Patterns
Divisor: See Factor

Dodecagon
TRM: p. 93

Egyptian Numeration System
Vol 3: Les 24, Appendix C
Equilateral Triangle
TRM: p. 93
Vol 3: Les 16
See also: Fractions, Geometry

Estimation

TRM: pp. 45, 55, 59-61, 66-67, 76-77

Vol 1: 1L 2, 37, 45, 46, 51, 61-63, 66; CL 11,
13,15, 28-30, 37, 55-57, 69, 78, 89, 90

Vol 2: IL 83; CL 92-94, 97, 98, 102, 138, 156,
166, 171

Vol 3: Les 8, 11, 25, 31, 36, 48-50

See also: Calculating Options, Measurement,
Probability

Even Number
TRM: pp. 59, 121
Vol 3: Les 6, 27, 51

Extended Counting Patterns
TRM: pp. 52-53, 115-117
Vol 1: CL 5-9, 19-24, 44-48, 83-88
Vol 2: IL 85; CL 108-113, 124-128, 143-147,
174-179
Vol 3: Les 27

F

Factor

TRM: pp. 49, 59, 121

Vol 1: CL 5-9, 19-24, 44-49, 83-88

Vol 2: IL 78-100; CL 108-113, 124-128, 143-
147,174-179

Vol 3: Les 14, 15, 17, 22, 23, Appendix B

See also: Dimension (of a rectangle), Area
Models for Multiplication and Division

Fraction Bars
TRM: pp. 71-75, 125, 126, 129, 133
See also: Fractions
Fractions
TRM: pp. 69-75, 125-126
Vol 1: CL 31-35, 43, 58, 73-75
Vol 2: IL 68-75; CL 101, 114-116, 120, 148-
153 155,172
Vol 3: Les B, C, 3,4, 5,11, 17, 31, 33, 34, 38,
42,43, 47, 48
See also: Decimals, Place Value

G

Geometry

TRM: pp. 86-94

Vol 1: CL 4, 17, 25-27, 36, 50-54, 61-63, 66-
68, 70, 91

Vol 2: CL 103, 104, 118, 119, 121, 122, 154,
158, 162-165

Vol 3: Les A, 5,7,8,9,11, 12, 16, 20, 21, 30,
31, 37, 39-43, 45, 49

Graphing: See Data Analysis

Hexagon
TRM: p. 93
See also: Geometry
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Insight Lessons (description)
TRM: p. ix

Isosceles Triangle
TRM: p. 93
See also: Geometry

), K

L

Length
TRM: pp. 62-66
Vol 1: CL 13, 37, 67, 68, 79
Vol 2: CL 93, 94, 133, 134, 137, 166. 167-169
Vol 3: Les 7, 8, 13, 14, 15, 22, 32, 40-43

Mean
TRM: p. 83
See also: Average

Measurement

TRM: pp. 62-68

Vol 1: CL 11, 28-30, 37, 43, 54-56, 69-72, 78,
79, 89, 90

Vol 2: CL 92-94, 97-99, 102, 129-134, 136,
138, 166-169, 171

Vol 3: Les 8, 11, 12, 13-16, 20, 21, 25, 30-32,
36, 39-45, 48-51

See also: Area, Estimation, Length, Perimeter,
Volume, Weight

Measurement Sense
TRM: p. 62
See also: Measurement

Median
TRM: p. 83
See also: Average

Mental Arithmetic: See Calculating Options,
Estimation

Minimal Collection

TRM: pp. 20-22, 24-27, 30-33

Vol 1: 1L 9-11, 18-31

Vol 2: IL 69-73

Vol 3: Les C, 3, 4, 31, 32

See also: Place Value, Positional Notation
Mode

TRM: p. 83

See also: Average
Multiple

TRM: pp. 47-48

Vol 2: 1L 76-77

See also: Extended Counting Patterns, Factor

Multiplication

TRM: pp. 47-61

Vol 2: IL 76-100

Vol 3: Appendix B, Les B, C, 14, 15, 17, 22,
23, 24, 27, 28, 29, 50

See also: Arrays, Area Model for Multiplication
and Division, Calculating Options, Ex-
tended Counting Patterns, Problem Solving

Number Operations: See Addition, Calculating
Options, Division, Multiplication, Subtraction

Number Sense
TRM: pp. 34-38
See also: Calculating Options

o

Obtuse Angle
TRM: p. 93
See also: Geometry

Octagon
TRM: p. 93

Odd Number
TRM: pp. 59, 121
Vol 3: Les 6, 27, 51

Operation Sense:
TRM: p. 47
See also: Calculating Options

P

Parallel Lines
TRM: pp. 89, 92
Vol 3: Les 40, 41
See also: Geometry

Parallelogram
TRM: p. 93

Pattern

TRM: pp. 11-17,104-105, 115-117

Vol 1:IL 5, 13-16, 59, CL 5-9,16, 19-24, 44-
48, 83-88

Vol 2: IL 69, 85, 95, 96, 108-113, 124-128,
143-147,174-179

Vol 3: Les 1, 3, 4, 13-15, 17, 26, 27, 31, 32,
47

See also: Extended Counting Patterns, Place
Value

Pattern Blocks
TRM: pp. 73-74
See also: Fractions, Symmetry, Tessellations

Pentagon
TRM: p. 93

Perimeter
Vol 1: CL 79
Vol 2: CL 94, 133, 134, 166
Vol 3: Les 7, 13, 32, 40-43, 49, 51
See also: Length
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Index (continued)

Perpendicular Lines
TRM: p. 93

Place Value

TRM: pp. 18-33, 105-106

Vol 1:IL 5-32; CL 15, 57

Vol 2: IL 68-70, 72; CL 102, 156

Vol 3: Les B, C, 3, 4, 13, 24, 31, 32, 50
Polygon

TRM: p. 93

See also: Geometry

Positional Notation

TRM: pp. 18-20, 27-28, 31, 105-106, 118-120

Vol 1: 1L 18-21, 27, 32

Vol 2:IL95

Vol 3: Les B, C, 4, 24, 31, 32, 46, 50

See also: Minimal Collection, Place Value
Prime Number

TRM: pp. 59, 121, 124

Vol 2: IL91

Vol 3: Les 22, 23

Prism (rectangular)
TRM: p. 93

Probability
TRM: pp. 76-78
Vol 1: CL 14, 39, 82
Vol 2: CL 106, 140-141, 160-161 (Crossing
the Mississippi)
Vol 3: Les 6, 33, 34, 44, 45, 51
See also: Data Analysis, Graphing

Problem Solving: Opening Eyes to Mathematics
provides ongoing opportunities for children to
explore mathematics and develop their problem
solving (and problem posing) abilities. In most
lessons, mathematical investigations are used as a
context for introducing concepts and strengthen-
ing skills. Other lessons, such as those listed
below, focus principally on analyzing problems
related to school, home life, or game situations.
See also: TRM: Chapter 1, Vol 3: Introduction.

Vol 1: CL 40-42, 44, 64, 65, 80, 81

Vol 2: CL 100, 105, 107, 123, 137, 139, 159,

162,163,173, 184
Vol 3: Les 2, 6,10, 12, 19, 28, 29, 35

Q

Quadrilateral
TRM: p. 93
See also: Geometry

Radius
TRM: p. 93
Rectangle
TRM: pp. 93, 120
See also: Arrays

Reflective Symmetry
TRM: pp. 86-88

Vol 1: CL 17, 26, 61, 62, 66

Vol 3: Les 9, 37, 40, 42, 49,
Appendix D

See also: Symmetry

Rhombus

TRM: p. 93

See also: Fractions, Geometry
Right Angle

TRM: p. 93

See also: Geometry
Right Triangle

TRM: p. 93

See also: Geometry

Rotational Symmetry
Vol 3: Les 37, 40, 42, 49, Appendix D
See also: Symmetry

S

Scalene Triangle
TRM: p. 93
See also: Geometry

Segment
TRM: p. 92

Similar Figures
TRM: p. 93
Vol 3: Les 40-43
Sorting
TRM: pp. 7-10
Vol 1:1L1; CL 1, 2, 3,12, 14, 58, 66, 76
Vol 2: CL 101, 109, 148, 155, 162, 170
Spatial Visualization: See Geometry

Sphere
TRM: p. 93

Square
TRM: p. 93
See also: Arrays, Fractions, Geometry, Measure-
ment

Statistics: See Data Analysis, Graphing
Story Problems: See Problem Solving

Subtraction
TRM: pp. 34-46
Vol 1: IL 33-44, 51-67
Vol 3: Les B, C, 17, 47
See also: Addition, Calculating Options, Story
Problems

Surface Area
Vol 1: CL 71,72
Vol 3: Les 12, 20, 39

Symmetry
TRM: pp. 86-88, 90
Vol 1: CL 17, 26, 61, 62, 66
Vol 3: Les 9, 37, 40, 42, 49, Appendix D
See also: Geometry, Reflective Symmetry,
Rotational Symmetry
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T

Tessellations
TRM: pp. 91-92
Vol 3: Les 42

Trapezoid
TRM: p. 93
See also: Fractions, Geometry

U

Unit
TRM: pp. 19-33, 62-66, 71
See also: Arrays, Addition, Division, Fractions,
Measurement, Multiplication, Place Value,
Subtraction

\"

Venn Diagram: See Graphing, Sorting

Volume
TRM: pp. 62-64, 67
Vol 1: CL 29, 30, 69, 90
Vol 2: CL 97-99
Vol 3: Les 12, 20, 21, 36, 39

W

Weight
TRM: pp. 62, 63, 67
Vol 1: CL 11, 55, 56, 89
Vol 3: Les 25, 36

Y

y A

Zero
TRM: pp. 19, 20, 27, 32, 59
Vol 3: Les 24, 46, Appendix B
See also: Calculating Options, Number
Operations, Place Value
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Opening Eyes to Mathematics
CALENDAR BLACKLINES—Number Cube Pattern
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2 inches
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Opening Eyes to Mathematics
CALENDAR BLACKLINES—1" Grid
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Opening Eyes to Mathematics
CALENDAR BLACKLINES

to be decorated
as you wish—
all alike or

each unique.
Add curled
paper to top.

Birthday Hat
ribbon or

\
D,
D
),
D

)
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Opening Eyes to Mathematics
CALENDAR BLACKLINES—2 cm Grid
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CALENDAR BLACKLINES

Large Hundreds Matrix

1

2

3

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

47

42

43

44

45

46

47

48

49

50

51

52

53

94

93

56

o7

58

59

60

61

62

63

64

65

66

67

63

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100
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Grid paper for Today’s Array

Opening Eyes to Mathematics

CALENDAR BLACKLINES
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Opening Eyes to Mathematics CALENDAR BLACKLINES
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“Clockfaces
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Opening Eyes to Mathematics
CALENDAR BLACKLINES—Money Record Sheet
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