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Unit 1 / Math and the Mind's Eye Activities

Basic Operations
Students use tile to express their perceprions of the four basic arichmetic

operations. Models for these operations used in subsequent aciivities are
introduced.

0Odd and Even Numbers

A tile parcern is used to visually represent the concepts of evenness and

oddness of numbers. Sums and differences of odd and even numbers are
investigatcd.

Factors and Primes
Counting numbers are represented by rectangular arsays of tile. These arrays

are used to decermine the factors of a number and introduce the conceprs of
prime and composite numbers.

Averaging
The average of two or more numbers is related to the process of evening off

columns of cubes. Methods for arriving at the average of set of numbers ace

devcloped.

Greatest Common Divisors
The greatest common divisor of two numbers is obrained by finding the

farpest square thar tiles a recrangle which has those numbers as dimensions.

Least Common Multiples
The least common mulriple of two numbers is obrained by finding the small-

est square composed of rectangles which has those numbers as dimensions.
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grade levels. A single activity can be ex-

tended over several days or used in part,
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materials and teaching supplies is avail-
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Unit Il « Activity 1

Basic Operatlons

O V E R V | E

Prerequisite Activity

None

Materials
At least 15 tile per student.

Part I Multiplication and Division

1. Distribute 15 to 20 tile to each student. Write “3 X 4” on
the blackboard. Ask each student to use tile to represent the
expression on the board. Emphasize that there is no right
way to do this and that you expect a variety of represent-
ations.

2. (a) Call attention to the various representations. Ask stu-
dents to talk about theirs. Accept all without judgment.

Comments

1. Writing “3 x 4” on the blackboard rather
than saying “three times four”, “the product
of three and four”, “three multiplied by
four”, or some other phrase, forces the stu-
dents to focus on the symbols. The inten-
tion is that students determine the meaning
of the symbols for themselves.

2. The representations will give you some
insight about the ways in which your stu-
dents view multiplication. Some possible
representations are shown below.

(b) Draw attention to the rectangular array model (5). If no
one makes this model, make it yourself and add it to the
collection of representations of 3 X 4.

Some students may think of 3 x 4 as 3 sets
of 4 as in sketches (1) and (2). Others will
think of it as 4 sets of 3 as in (3). Those
who form symbols, as in (4), may think of
arithmetic predominantly as symbols and
symbol manipulation without other mean-
ing. The rectangular array (5) is a partic-
ularily useful model of multiplication. Note
that models (2) and (3) are easily converted
to rectangles by pushing the rows or col-
umns together. (Continued)

1 Unit 11+ Activity 1
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3. Write “15 + 3” on the board. Ask your students to use tile
to represent this expression. Call attention to the various
representations and discuss them with your students. Again,
accept all representations without judgment.

4. Discuss the grouping and sharing methods of division.
Give examples, or ask your students to give examples of
both uses of division.

15 + 3 : grouping method

15 + 3 : sharing method

(Note that both tile arrangements become the same rectangu-
lar array when rows or columns are pushed together:

The array contains 15 tiles in 3 rows and 5 columns.)

| Comments |

2. (Continued) Thus, a 3 X 4 rectangle may
be viewed as either 3 sets of 4 or as 4 sets
of 3. This illustrates the commutative na-
ture of multiplication.

3. Both symbolic and non-syrhbolic repre-
sentations may occur. Two common non-
symbolic models are five groups of three,

HHHHA

or three groups of five.

CLITT]
EEEEN
EEEEN

4, Representing 15 + 3 by 5 groups of 3 is
an example of the grouping model of divi-
sion. In this case, 15 + 3 is thought of as the
number of groups of 3 into which 15 can be
divided, as in the question: “If each student
is to receive 3 pencils, how many students
will 15 pencils supply?”

Representing 15 + 3 by 3 sets of 5 is an ex-
ample of the sharing method of division.
Here, 15 + 3 is thought of as the number of
objects in each of 3 sets when 15 objects
are shared equally among them, as in the
question: “If 15 pencils are divided equally
among 3 students, how many will each stu-
dent get?”

The grouping method of division is also
called the subtractive or measurement
method since groups are subtracted away or
measured off. The sharing method is also
called the dealing or partitive method since
objects are dealt or partitioned into sets.

2 Unit 1l - Activity 1

Math and the Mind’s Eye



5. Show how multiplication and division are related in the
rectangular array model.

Figure A

T

4 ? squares

l

4 x 8 is the number of squares

- 8 »

Figure B

4 32 squares

- ? >

32 + 4 is the missing dimension

Comments

5. The process of muitiplication may be
thought of as determining the number of
tile in a rectangular array when the number
of tile along each edge is known (or, equiv-
alently, finding the area of a rectangle when
the dimensions are given. See Figure A).

The process of division may be thought of
as determining the number of tile on one
side of the array when the number of tile on
the other side and the total number in the
array are known (or, finding one dimension
of a rectangle given the other dimension
and the area. See Figure B.).

Part II Addition and Subtraction

6. Ask your students to form two groups of tile, one contain-
ing 9 tile and the other 5. Write “9 + 5” on the blackboard
and ask your students to use their tile to represent the ex-
pression on the board. Discuss what happens.

7. Write “9 — 5” on the board and ask your students to repre-
sent this expression with their tile. Discuss what happens.

6. Most students will combine the groups
of 9 and 5.

7. Many students will form a group of 9 tile
and take 5 tile from this group. Other stu-
dents may determine how many tile must
be added to a group of 5 tile to match the

group of 9 tile.

3 Unit Il - Activity 1
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8. Discuss the rake-away and difference methods of sub-
traction. Give examples, or ask your students to supply
examples, of both uses of subtraction.

o000l |

9 — 5 : take-away method

9 — 5 : difference method

9. Show how the operations of addition and subtraction are
related.

Figure C
1 1 1 T T
8f squares 5 squares
? s'qua;'es
?2=8+5
Figure D
T 1 1 T T
8 squares ? squares

13 équa[res

?=13-8

Comments

8. Carrying out 9 — 5 by taking 5 tile from 9
tile is an example of the take-away method
of subtraction. This method is appropriate
in responding to the question: “If a student
has 9 pencils and gives 5 of them away,
how many pencils does the student left?”

Determining 9 — 5 by finding how many
tile must be added to 5 tile to match a
group of 9 tile is an example of the dif-
Sference method of subtraction. This method
is appropriate for the question: “If a student
has 9 pencils and another has 5, how many
more pencils will the first student have than
the second.”

9. Suppose there are 3 groups of squares a,
b and ¢ such that the number of squares in
a and b together is the number of squares
inc.

a[[ITTITTOTTTIlb
cLITTTTITITT L]

In the process of addition, one knows the
number of squares in a and b and seeks the
number of squares in ¢ (Figure C).

In the process of subtraction, one knows
the number of squares in ¢ and one of the
groups a or b and seeks the number of

squares in the other group (Figure D).

4 unit i « Activity 1
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Unit Il « Activity 2

Sad oI EvenNorbors

Prerequisite Activity
None

Materials
At least 35 tiles for each student; odd and

even demonstration cards (see Comment
8).

1. Write the first seven counting numbers on the chalkboard
or overhead. Tell the students to use their tiles to represent
each counting number.

2. Have the students observe the different ways that others

have represented the numbers (or, you could summarize dif-

ferent ways on the overhead projector).

Comments

1. You may have to reword the directions
so everyone understands. Circulate among
the students making reassuring comments.
There is no one “correct” way to do this
activity.

2. Be prepared for variety. Here are some
examples:

) L) 1
Yo i e =
!
(TH U HE
Tn

1 uniti - Activity 2

© Copyright 1985, Math Learning Center



3. Acknowledge all the representations and select the fol-
lowing pattern for discussion.

Comments

1 2 3 4 5

Demonstrate this pattern on a table or put it on the overhead.

Ask for volunteers to build representations for 6, 7 and 8.

4. Ask the students to represent a few more numbers in this
pattern.

5. Point out that the numbers 1, 3, 5, 7, etc. are called odd
numbers and the others (2, 4, 6, 8, etc.) are called evern num-
bers. Comment on how these names (odd and even) are

suggested by the tile patterns. Ask the students to picture in’

their minds, or draw a diagram of, the following numbers to
determine if they are odd or even: 17, 42, 79, 106.

6. Mention to the students that adding can be thought of as
combining. Demonstrate adding S and 7 by pushing their

3. If no one forms this pattern, introduce it
yourself, Put a numeral below each pattern
member.

The next 3 are:

4. Encourage students to build these with
tile.

5. This is intended to give students a
visual way of distinguishing between odd
and even numbers. The time you spend on
this action will depend upon the level of
your class. You may want to diagram
some numbers as follows. The students
can supply the number of groups of 2.

\W—-—‘/
groups of 2

6. Be sure to use the odd and even tile
representations of numbers:

corresponding pattern members together to get 6

groups of 2, or 12. Have the students add 4 and 7 by

| | -

pushing their pattern members together. Ask them if
their answer is odd or even.

2 Unitll « Activity 2
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7. Tell the students that they will be asked to add some num-
bers and need not divulge the answer but, simply, whether

the answer is odd or even. Try sums like: 11 +3, 14 + 9,
16 + 18, etc.

8. Ask students to picture odd and even numbers in their
minds as they reflect on the following questions. Have them
explain or discuss the reasons for their answers.

(a) If you add two numbers will the sum be even or odd?

(b) If you add two even numbers will the sum be even or
odd?

(c) If you add an even number and an odd number will the
sum be even or odd?

(d) What happens when you add three odd numbers ? Two
odd numbers and an even number? Two evens and an odd?
Five odds and one even?

9. Similar questions can be asked about subtraction. Is the
result odd or even when you subtract: an odd number from
an odd number? an even from an even? an odd from an
even? an even from an odd?

Comments

- 7. The number of examples you use

depends upon your class. The students need
experiences visualizing so they can eventu-
ally generalize. Be sure to refer back to the
odd and even patterns for these numbers. If
you add large numbers like 76+ 87, it may
help to diagram them both so it is visually
clear that the sum will be odd.

76
~—_ _
groups of 2
87
|
R/_____/
@ groups of 2 +1

8. It may be helpful to have some "gen-
eric" odd and even patterns made out of
cardstock to illustrate or reinforce the stu-
dents’ conclusions. These large demonstra-
tion cards have no particular number
assigned and look as follows:

L ]

even card

T Th

odd card

You may want several of each if you plan
to discuss part (d).

9. If your class is ready to tackle this,
proceed as in Action 8 to encourage visual
thinking. Again, the demonstration cards
may be helpful.

3 Unitll - Activity 2
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Unit 1l « Activity 3

Factors and Primes

O V E R V | E W

Prerequisite Activity
None

Materials

140 tile for each group of 3 to 4 students,
Activity Sheet II-3, a transparency of Ac-
tivity Sheet II-3 and a grid transparency.

1. Divide students into groups of 3 or 4. Distribute tile to
each group. Explain what is meant by a rectangular array of
tile. Have each student in the group take 12 tile and form
those tile into a rectangular array.

2. Make sure each group of students builds all three 12-tile
rectangles. Now ask them to add to their collection all rec-
tangles that can be made with fewer than 12 tile. Have them
keep the entire collection on display and eliminate dupli-
cates. Clarify directions as necessary.

1. It will take a large space to arrrange the
tile. If tables are not available you may
wish to have students work on the floor.

This is a rectangular array.

There are three possible rectangular arrays
of 12 tiles: 1 by 12,2 by 6,and 3 by 4.
Some students may consider the 3 by 4 and
the 4 by 3 arrays as being different. Tell
them that for this activity they will be
considered as the same rectangle because
one can be made to fit exactly on top of the
other.

2. There will be 19 different rectangles
using a total of 139 tile (see picture next
page).

1 Unit 11 « Activity 3
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3. If they have not done so already, ask each group to
arrange their rectangles in numerical order.

4. Give each student Activity Sheet II-3. Lead the students
through the first few en-

3. Arranging the rectangles in order of the
numbers they represent will make the
following activities easier.

4. The first few entries are listed below.

tries on the chart so there
is no confusion. A trans-

parency of the activity
sheet can be used. En- 1 1

Ix1 1

courage them to refer to
their rectangles.

I1x2 1,2

Define a factor of a num-

1x3 1,3

ber as one of the dimen-
sions of a rectangle for
that number.

A W N
~

1x4,2x2 1,2,4

2 Unitll - Activity 3
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5. Ask the students for observations about the numbers and
their rectangles. What can they observe about numbers by
looking at their rectangular pictures?

6. Have the students rearrange their rectangles into three
groups: (1) Those with exactly one factor, (2) Those with ex-
actly two factors, and (3) those with more than two factors.
Find other numbers whose rectangles belong in groups (2)
and (3).

7. Ask the students if it is possible to find any other number,
like 1, which has exactly one representation with identical
dimensions.

8. Tell the students that numbers with exactly two factors
are called prime numbers and that numbers with more than
two factors are called composite numbers. The number one
is therefore neither a prime number nor a composite num-
ber.

Have them complete Activity Sheet II-3 for the numbers 13-
20 and then put a P or C in the last column to indicate if the
number is prime or composite.

Comments

5. Itis impossible to predict what students
might observe. One way to give credibility
to student observations is to summarize and
list them on the overhead or chalkboard. In
this activity we are particularly interested in
observations like, "Some numbers have
only 1 rectangle," and "Certain numbers
have squares."

6. The intent of this activity is to classify
counting numbers according to their num-
ber of factors.

7. There will be no other numbers grouped
with 1. To be grouped with 1 and have
identical dimensions the number would
have to be square. But any other square
number has at least two rectangles.

8. The factor approach is a precise way to
define prime and composite numbers. Look-
ing at rectangles and factors also makes it
clear why the number one is neither prime
nor composite and is the only such count-
ing number.

3 Unitll- Activity 3
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9. Ask the students to sketch rectangles for these numbers:
24,31, 72, 144; and

(a) determine which are prime,

(b) record all the factors of each number.

10. Looking at the tile rectangles (or diagrams) and the
chart on Activity Sheet II-3, questions like the following may
be posed as challenges or ending activities:

A. Some numbers are called square numbers. Looking at
your tile rectangles, which numbers do you think they
are? Will 72 be a square number? 48? 64?

B. What do you notice about the number of factors for
any square number?

C. What is the first number that can be represented by ex-
actly 4 different rectangles? 5 rectangles?

D. Look at the rectangle arrays of some numbers with ex-
actly three factors. Can you find additional numbers with
exactly three factors? What conclusions can you draw?

E. In your chart (Activity Sheet II-3) you have recorded

numbers with 1, 2, 3, 4, 5 and 6 factors. Given any posi-
tive number, do you think it is possible to find a number

that has that many factors? Try to find a number that has
8 factors, for example.

Comments

9. It may be helpful to do an example with
the entire class. Trace around the desired re-
gion on a transparency grid sheet letting
each square represent a tile. Start with 1-by
rectangles and move systematically to 2-by,
3-by, etc.

LIy L PP TR T PP T RPTITTT

1x24
2x12|l ”Hl'llll

3x8

4x6

10.

A. Those numbers which have a square
among their rectanglur arrays are called
square numbers: 1, 4,9, 16, 25, efc.

B. Square numbers will always have an odd
number of factors. Each rectangle, except
the square, contributes two factors. The
square array contributes only one factor.

C. Twenty-four is the first number that has
four rectangular arrays. The first number
with five rectangles is 36. There are other
numbers with 4 or 5 rectangles.

D. Only square numbers have an odd num-
ber of factors. Numbers like 4, 9, 25 and
49 have exactly 3 factors but numbers like
1, 16, 36 and 64 do not. Only numbers
which are the squares of primes have ex-
actly 3 factors.

E. Given any positive counting number, it
is possible to find numbers with that many
factors. The following are all numbers

with 8 factors: 24, 30, 40, 42, 54, and 56.

4 unitil - Activity 3
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Factors and Primes

N

(]

&)

10

11

12

13

14

15

16

17

18

19

20

Activity Sheet II-3 Math and the Mind's Eye



Unit 1l « Activity 4

Averaging

O Vv E R Vv I E

Prerequisite Activity

None

Materials
30 demonstration cubes and 4 half-cubes
(see Comment 1); grid paper

PartI Averaging Two Numbers

=

1. Form two columns of cubes, one of height 9 and the other
of height 5. Ask a student to even off the two columns so
that both columns have the same height.

2. Ask if anyone knows the mathematical name for the
evening-off process.

9 5 7

The average of 9and 5is 7.

Comments

1. Use cubes that are large enough to be
easily seen by the whole class. Half-cubes
are needed in subsequent actions. They can
be made by splitting a straight-grained
wooden cube with a sharp instrument.

2. The evening-off process is called
averaging. The height of the evened off
columns is the average of the heights of the
two original columns. Thus the average of
9and 5is 7.

1 Unit 11 + Activity 4
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3. Form two columns of cubes with heights of 11 and 4. Ask | 3. The student may wonder what to do

with the extra block. Suggestions may be
a student to even off these two columns. sought from other students, If the half-

cubes have not been noticed, call attention

to them,
11 4 712 71/2
The average of 11 and4is 7 1/2.
4. Distribute grid paper to each student. Have students draw 4. 1If a student has difficulty determining
sketches of the front view of two columns of cubes of heights the height of the evened-off columns, ask
them to use cubes to determine the height.
8 and 2 before and after they are evened off.. Then have them A completed sketch might look as follows:
write a statement under their sketch concerning the average :
of 8 and 2. A F oy oo bsss

e' or@ i l"\f( oY (A SR S

...................
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| Actions B Comments

5. Repeat Action 4 for the following pairs of numbers: 5. gof i_acg glaithF flljum?eﬂrjs, Cube:dmé bel
(@) 9and 5, (b) 6and 1, (c) 7and4,(d) 81/2and 3 1/2. ﬁf;'nsw inc the Tieight of e evened ot co-
6. Ask students for any observations they have made about 6. One may illustrate that the average of
the average of two numbers. If no one notices it, point out d‘?:w‘;nm;zfésf;;mazszc‘:?;h;ﬁz
the average of two numbers is midway between them. the board or on an overhead transparency.

.............

S

NANNN

=

7. Suppose columns of heights 23 and 13 have been evened 7. Students may use a variety of methods.
off. Ask students to find the height of the evened-off col- Any Ta‘::;m that yields a correct answer is
umns. Ask several students to describe the methods they accepuble.

used.

3 Unitli - Activity 4 Math and the Mind's Eye



8. Discuss general methods for finding the height of two col-
umns after they have been evened off. Use cubes to illustrate
the methods suggested. If no one suggests them, introduce
the two methods shown below.

One-half of One-half of
difference added total height

to lower height

-

Difference
in heights

Method A

0. a) Ask the students to find the average of 42 and 26 by
both methods. Discuss.

b) Have the students find the average of other pairs of
numbers using whatever method they prefer.

Comments

- 8. In method A, half the difference between
the original heights of the two columns is
added to the original height of the lower col-
umn. In method B, the original height of
the two columns are added together and then
divided by two. .

Method B

9. The average of 42 and 26 will be the
height when columns of 42 and 26 are
evened off. By method A, the height of the
evened-off columns will be 26 plus half the
difference between 26 and 42, or

26 + 1/2 (16) = 34,

By Method B, the evened off height will be
half of the combined heights of 26 and 42
or 1/2 (68) = 34.

4 Unit1l - Activity 4
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Actions Comments

Part II Averaging Several Numbers

10. a) Form five columns of cubes with heights 4, 7,2, 9 10. Again, you may want to draw a sketch
and 3. Ask each student to sketch the front view of these col- on a grid on the board or on an overhead

. transparency. A sketch might look as fol-
umns on grid paper. Jows:

b) Ask a student to even off
these columns (without chang-
ing the number of columns).
Then ask the students to sketch
the columns after they have
been evened off.

¢) Tell students that the height
of the evened-off columns is
the average of the height of
the original columns. Since in
this instance the height of the
evened-off columns is 5, the
averageof4,7,2,9and 3 is 5.

11. Now form four columns of heights 8, 5,4 and 7. Ask 11. The height of the evened off columns
each student to sketch the columns as they appear and then as will be 6. This can be checked by asking a
they would appear after being evened off (without changing student to even off the columns of cubes.
the number of columns).

12. Ask the students to write a statement about the average of 12. One statement is, "The average of 8,

8,5 4and 7. 5,4, and 7 is 6."

13. Repeat Actions 12 and 13 for each of the following situa- 13. It is important that the number of col-

tions: umns remains unchanged in the evening-off
process.

a) 6 columns of height 3,7, 9,4, 6 and 1. Half-cubes will be needed to even off the

columns in part (b).
b) 4 columns of heights 9, 3, 6 and 8. _
The heights of the evened-off columns are
(a) 5 and (b) 6 1/2.

5 Unitl1 - Activity 4 Math.and the Mind's Eye



14. Ask students to consider the following. Suppose col-
umns of 23, 30, 21, 34 and 22 are evened off. What is the
height of the evened-off columns?

15. Discuss methods that might be used to find the evened-
off height in Action 14.

| 14. The height is 26. Students may wish

to discuss this question with each other.
They may use a variety of methods to arrive
at an answer. Any method that works is ap-
propriate.

15. One method requires only simple
computations. In this method, numbers are
evened off in much the same manner as
columns of cubes are evened off by taking
cubes from one column and adding to
another. For the numbers given in Action
14, one possible way of doing this is the
following:

The Original Numbers: {23 30: 21 34: 22

Taking 5 from 2nd number and addingto 3rd: | 23: 25: 26 34 22
Taking 4 from 4th number and addingto 5th: { 23: 25! 26 30 26
Taking 3 from 4th number and addingto1st: | 26 25 26 27 26

Taking 1 from 4th number and addingto 2nd: : 26 26 | 26

The average of 23, 30, 21, 34 and 22 is 26.

A4 A4
AV A4

A4

<

A4 A4 -
26: 26

16. For each of the following, ask students to find the aver-
age by both of the methods described above:

a) 27,42,39,24
b) 31,26, 41, 20, 27

Another method of finding the height of the
evened-off columns is to think of the five
original columns stacked on top of one
another to form a single column. Dividing
this single column in five equal parts will
produce the evened-off columns. Thus, the
height of the evened-off columns will be
the sum of the heights of the original
columns divided by 5:

(23 + 30 + 21 + 34 + 22)/5 = 130/5 = 26.
This computation is readily performed on a
calculator.

16. The averages are (a) 33 and (b) 29.
Note that all of the computations avoid the
use of fractions. The following Action is
optional for students who have a rudiment-
ary knowledge of fractions.

6 Unitil - Activity 4
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17. (Optional) Form five columns of blocks with heights of . 17. Tt will not be possible to even off the
6,11,3,7,and 5. Ask a student to even off the columns, Dis- | columns without cutting cubes. Since the
the average in this situation columns, if evened off, would be more than
Cuss & : 6 but less than 7 cubes high, the average is
between 6 and 7.

Left-over cubes

o

AL
2%

&

If cubes could be cut, one could cut each of
the two left over cubes into 5 equal parts
and distribute these parts among the col-
umns. Each column would receive two
parts of 1/5 each (see Figure 1). Thus, each
evened off column would be 6 2/5 cubes
high.

Alternately, the two left-over cubes could
be glued together and then cut into 5 equal
parts, which would then be distributed
among the columns. Each of these parts
would be 2/5 of a cube and each column

i would receive one of them (see Figure 2).
Flgure 2 Again, the height of the evened-off columns
would be 6 2/5 cubes.

7 Unit1l « Activity 4 Math and the Mind's Eye
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2. Give each student a copy of Activity Sheet II-5. Foreach | 2. A master of Activity Sheet II-5 is

rectangle, ask the students to divide it into squares, all of the attached.
same size, and, if possible, larger than 1 x 1 squares. Tell Make certain that the students understand
them the sides of the squares must coincide with grid lines. that the dimensions of a rectangle are the

Have them record the information requested on the sheet. fongilhs ofis sides.
In this activity, the unit of length is the side
of one square of the grid inscribed in the
rectangles:

1 unit of length

’ ¢ I3
¢ I3
¢ M
EPPLFPS P ey ¥ AP PP Y
¢
. .
‘ v
‘ ‘ ¢
V H ; :
’

‘ ’ ’ ’
PR Y "Rl Arceferce rredrecsesd
¢ 4 ’ .

‘ ¢ M .

v
v A ,
”

’ ¢ H .
‘ : ’ ’

3

2 codec oo L., Zeoofood Low

‘. ’ " .
¢ . ’ ¢

Dimensions of rectangle: 6 and 8
Length of side of square: 2

The rectangle in the upper right corner of
the activity sheet can be divided into 3 x 3
squares. The rectangle in the middle canbe
divided into 2 X 2, 3 x 3 or 6 X 6 squares. If
the edges of the squares coincide with grid
lines, the rectangles at the bottom can only
be divided into 1 X 1 squares.

If a rectangle can be divided into squares,
all of the same size, we shall say a square
of that size tiles the rectangle. For exam-
ple, a2 x 2 square tiles the 6 x 24 rectangle
that appears in the middle of the activity
sheet. That rectangle is also tiled bya3x 3
square and a 6 X 6 square.
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3. Discuss the completed Activity Sheets with the students.
Ask them for their observations relating the dimensions of a
rectangle and the length of the side of a square which tiles it.

4. Tell the students that, in the remainder of this activity, all
squares are to have sides whose lengths are whole numbers.
Then, with the students help, list those squares which tile the
6 X 24 rectangle in the middle of the Activity Sheet. Ask the
students to use this information to identify the greatest com-
mon divisor of 6 and 24.

| Comments

3. The students will make various obser-
vations. If no one mentions it, point out
that the side of a square that tiles a rectan-
gle must fit evenly into both sides of the
rectangle. Thus, both dimensions of a rec-
tangle are multiples of the side a square
that tiles it or, what is the same, the side of
a square that tiles a rectangle is a divisor
(or factor) of both dimensions of the rec-
tangle. Hence, the side of the square that
tiles a rectangle is a common divisor (or
common factor) of the dimensions of the
rectangle.

If a 1 x 1 square is the largest square that
will tile a rectangle, then the dimensions of
the rectangle are said to be relatively prime
numbers. That is, two whole numbers are
called relatively prime if 1 is their only
common factor.

4. A6x24rectangleistiledby 1x 1,
2x2,3x3and6 x 6 squares. Hence, the
common divisors of 6 and 24 are 1, 2, 3 and
6. Thus the greatest common divisor of 6
and 24 is 6.

This information can be illustrated by
showing the students an overhead trans-
parency of page 11 of this activity.

In general, it is not a simple matter to deter-
mine which squares tile a rectangle. For
example, it is not readily apparent which
squares tile a 575 x 2185 rectangle.

In subsequent Actions in this activity, a
procedure is developed for finding the
largest square that tiles a rectangle. This
enables one to find the greatest common
divisor of two numbers. For example, the
greatest common divisor of 575 and 2185 is
115 since, as one finds in Action 8, a 115 X
115 square is the largest square that tiles a
575 x 2185 rectangle.
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5. Distribute graph paper to the students. Have them draw
pairs of rectangles that differ by a square. For each pair of
rectangles they draw, ask them to determine the squares
which tile each rectangle in the pair. Discuss their findings
with the students.

Comments

. 5. A master for 1/2 cm grid paper is

attached.

Two rectangles differ by a square if the
smaller rectangle is obtained by cutting a
square from the end of the larger, or, what
is the same, the larger is obtained by adding
a square to a side of the smaller. Rec-
tangles A and B, shown below, differ by a
square,

Rectangle A

8 x24

Rectangle B

Here are the dimensions of several pairs of

rectangles which differ by a square: 12 x 30
and 12x 18, 9x8and1x8, 9x12and9

X3,5x10and 5x 5,8 x 24 and 8 x 16.

The rectangles in each of these pairs are
tiled by the same squares. For example, an
8 x 24 rectangle and an 8 x 16 rectangle are
bothtiledby 1x1,2x2,4x4,and8x 8
squares.

8x16

Both of these rectangles are tiled by
1x1,2x2,4x4, and 8 x 8 squares.

Continued next page.

4 unitn - Activity 5

Math and the Mind's Eye



Comments

This rectangle is tiled
by square S.

This rectangle is tiled
by square T.

6. Discuss with the students how the result of Action 5 can
be used to find the squares which tile a rectangle and, hence,
the greatest common divisor of the rectangle’s dimensions.

5. (Continued) It is always the case that two
rectangles which differ by a square are tiled
by the same squares. For, on the one hand,
if a rectangle is tiled by square S, and then
a square is cut off the end of the rectangle,
the resulting rectangle is still tiled by S:

This rectangle
is also tiled by
square S.

On the other hand, if square T tiles a
rectangle and the rectangle is extended by
adding a square to the end of it, the tiling
by T can also be extended:

This rectangle is also tiled
by square T.

6. In Action 6, it was found that cutting a
square off the end of a rectangle results in
another rectangle that is tiled by the same
squares. Hence, as illustrated below, the
squares which tile a rectangle can be found
by successively cutting a square off the end
of the rectangle, the resulting rectangle and
all subsequent rectangles until a square is
obtained. (Once a square is obtained, the
process stops since it is not possible to cuta
square off the end of a rectangle which is
itself a square.) The squares that tile this
final square are those which tile the original
rectangle.

Continued next page.
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_ 6. (Continued) The process is illustrated
here for a 28 x 36 rectangle. You may want
to have the students carry out the process.
They can do this by drawing a series of
sketches on grid paper or by actually
cutting out a 28 x 36 rectangle and succes-
sively cutting off squares. In the latter
case, you may want the students to cut out
two 28 x 36 rectangles, one to use in the
cutting process and one to retain to com-
pare with the successive rectangles.

Cutting a square off the end of a 28 x 36 rectangle, and
successive rectangles, leads to a 4 x 4 square.

The squares that tile a 28 x 36 rectangle are
the same as those that tile a 4 x 4 square,
namely a 1 x 1,2 x 2 and 4 x 4 square.
Since a 4 x 4 square is the largest square
that tiles a 28 x 36 rectangle, the gcd of 28
and 36 is 4. Note that the largest square
that tiles the rectangle is the final square
obtained in the cutting-off process.

The above sequence of sketches can
be replaced by the single sketch
shown at left. This sketch was
drawn by starting with a sketch of
the original rectangle and marking
off a square at the end of this rec-
tangle, and subsequent rectangles,
until only a square remained. This
last square is the largest square that
will tile the original rectangle.
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7. Distribute grid paper to each student. Ask the students to | 7. A master for 1/2 cm grid paper occurs at
use the process of Action 6 to find the greatest common divi- | theendof this activity. Each student will

; . need at least two sheets.
sor of the following pairs of numbers: '
The gcd of a pair of numbers can be found
by sketching a rectangle with those num-

(a) 9 and 21 (b) 15 and 26 bers as dimensions, and then successively
marking squares off the end of this rectan-
(c) 20 and 34 (d) 30 arld 42 gle, and Sllbsequent l'ectaﬂgles. The last

square is the largest square that tiles the
rectangle. The length of the side of this
square is the gcd of the pair of numbers.

(a) the gcdof 9 and 21 is 3

(b) the gcd of 15 and 26 is 1

(c) the gcd of 20 and 34 is 2

(d) the gcd of 30 and 42 is 6

7 Unit Il - Activity 5 Math and the Mind's Eye



8. Ask the students to draw sketches to find the greatest

common divisor of the following pairs:

. 8. The numbers are too large to draw grid
paper sketches. However rough sketches

can be drawn:
(a)325and 455 (b)420 and 714 455
/’_/\""%
(c) 575 and 2185
130
325 130
I 65
(a) the gcd of 325 and 455 is 65
714
294
420
1> 126
WY
126 126 42
(b) the gcd of 420 and 714 is 42
1725 460
— — ———ee e
575 460
115
2185

(c) the gcd of 575 and 2185 is 115
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9. (Optional) Discuss a computational procedure for finding
greatest common divisors. Have the students use the proce-
dure to find the greatest common divisor of several pairs of
numbers.

Comments

9. One computational procedure is based on

the conclusion reached in Comment 5 that
two rectangles that differ by a square are
tiled by the same squares. Hence the
greatest common divisors of the dimensions
of the two rectangles are equal.

Note that cutting a square from a rectangle
leaves the smaller dimension unchanged
and replaces the larger by the difference of
the dimensions. (See the figure.)

a b-a

This means that the greatest common
divisor of a pair of numbers remains the
same if the larger of the two numbers is
replaced by their difference.

For example, starting with the pair 16 and
38 and successively replacing the larger of
the two numbers by their difference, one
obtains the following sequence of pairs:

All of these pairs have the same greatest
common divisor. Hence, the greatest
common divisor of 16 and 38 is the same as
the greatest common divisor of 2 and 2,
which is clearly 2.

For larger numbers, calculators are helpful
in making the computations.
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Greatest Common

tivity 6,
making an overhead transparency showing

a 6 x 8 rectangle and a 24 x 24 square

(see Comments 1 and 6), grid paper and
composed of 6 x 8 rectangies.

cardstock rectangles for each student (ses

Comment 2 and 5)
1. Page 13 of this activity is a master for

Overhead transparencies for teacher use

Comments

Math Learning Center

ight 1988,

© Copyr

W | Prerequisite Activity

A Square Composed of 6 x 8 Rectangles

A
L
e I
35 3} T
N A .
=R
ES @
—_ 9
L) e :
-t .w a
n ..Hmu q M
) v — —
M v v . N N \ . N Y . \ L) .
X N T T N T R TR P T SN
rrlrpapraprr;plr»rrzrvappavvrvp'f:vvarp..pprpr"rvr‘pp pp..pvfpvrvpurp.’pr
— — — [ ) v NP
3 PO v PEERY [y N . Iy NN PR
3 oo \ . N s
s 2 vpffvhvvhvv:rrcvp pv“pv.nrrl‘vrorrrrprvhrvhvvarpr....f.p-.rplrr)rr..rrrvvﬂrv
R .
vy ooy v LIS S N oo v [ I SN
s
S P Ay rvv:ppcvvrprfr;rr,rrtrrrrprv | T R T P A Y
B NN N ) N RN b Ny e
3 h PO [ " “ P 3 ” N . + " . N . ) “ PN
T D N N R D N LD
v P Dyt 2] PY v Y Dy} M F 3 D ity
voov ooy I SN oy v v
3 7] vercabachaahadiiadanncaiaataadiagandeshaataahaguagnafecianiasiinynnaan
— < P yoov oy Y [ M [N
3 (D] M [ I oY [T N [T S
S e O e R R R A AN
N N 0 D) PN
% h M v " “ P Y [y ” N [ " v P
» A A N . A ) N
g [&) 4474144144»4::,..A.}Jf.Ja..:J.r....allllll::qalu}a:;J:J:..::u.alvl
% » . * N N . \ N . Y M . L) M N
: . 3 M NIRRT R T NN
3 v N N 3
Sl Q @« IR HEEREEER M NIRRT
— P S M, . Cateadead Yoo N R, S Nl
3 7, R R T ] R R b IR SARLAE SRR
&n [} I PSS I ooy e v Vo
B N . B B T T T R, P A
2 IR SITOTTETRYY P NN D N
2 1)) M NI R soov Yy
LR sy ARSE R R R AR RS LR R L LR R AMNERNEE AL R R LR R AR NE R R PR LR AR AN e
n C n . Y Y n “ a . \ ” . N . " N M . 1) “ . Iy
» » A M . Al A .
O [4e1 R T e Rt Pl T TN
. L ‘ - LY b
= v . PO \ . . . M
e . . \ M . M M \ A s N
A Q RN NP N, T U PN PP, P, PP, PR PP AP A, P P P AP S PP PR RS, WY
2 b Y b AN h) ~
> . N [y ) PR
% o0 Voo : [ S S SN Loy [ NN
A A
X - pv..fvhvvhvvavrorr.;p“ppi—rrJ,rporrt;vrvhvvhvvar;r;r!v;rrJrvzrv..vvrvrurr
" oo Vv R Losoy oy vy v
3 L i LT B N T N kR ehOCTR LT REEIEE
\O M N . [ s Y
S . v . N P IO
3 e Q@ : R LI B : IR N NI
T . T—t DN LN
. a v v \ N v MY \ v Y \ ) v
O v} o R IR IR IR Yoy s v
. saassvassaatanhe LagssassasstiastindiogeanaancateNaduaansanatiaahinshndannansnntianhn e
[7,] » Sl M -y s Se it Sy
" - A b . Y .
3 (1 PO P Y P 1 Y . N P
N w voono ) [1v] L D T I T Aoy
R E n @) o 4:....;4;41;4;....0}1 ;..V..J.}J::..f.f.4b:;14414iiralilf.llillq:v:;41..:1;...;..,’.}“;4
1) =2 . 1) . M [ .
6 PO MY v PO [y DY I3 " N
S a0 Q v N b8 RN
R Q g = hahaedaaaan @ B N R e N R D SRR ST
S o O Q vor ooy R NN Yooy oy Voo
s N A »
SR A rrirhadadeanas  OC [ PUC PRI FR I LN SRR N S PN SR S PN
e~ /2] Pl eI TN ey WIINSYY h
Y Dot o [ M P N [ L T
|70} anvpealhaahagingan T S N e RV S
- — P s Pt CTTOTRTYY PN P i R
- wn jon IR IR v v v R oy oo R
: Q I T T T e I Y SRR\ MNE
B AT TTITTITYTY VIO STTITIY d
. 1Y .
< e o} R © R Yy v R NIRRT
R R T B e R R R R SRR P L TR\
DAASAR AN R NETATIAT A Py aeaaead R PR
o . . e Y . 13 . L) ) . . \ N} .
L4 -O (] vl PO S R T A P P RS N PR S S D S B
= Pae o O O
C —
S e
= O A A < <
U M q q

1 Unitil - Activity 6




2. Distribute grid paper to the students. Ask them to draw
sketches of squares composed of 2 x 3 rectangles. Using the
students’ sketches as a starting point, discuss questions
associated with composing squares out of 2 x 3 rectangles.

Comments

_ 2. A master for 1/2 cm grid paper is
attached to Unit II, Activity 5, Greatest
Common Divisors. As an altemative to grid
paper, 2 x 3 rectangles can be cut from
cardstock and a supply given to each
student or group of students.The students
can be asked to use these rectangles to
construct squares.

Some possible discussion questions: What
size squares can be composed of 2 x 3
rectangles? What is the size of the smallest
square? The largest? How many rectangles
are nsed? Can a square be composed of 12
2 x 3 rectangles? Can a square be com-
posed of 2 x 3 rectangles in which not all
rectangles have the same orientation?
(Answers to most of these questions
follow.)

The smallest square that BN ERA
can be composed is a6 x 6 e
square: i M

There is no largest square, but using the 6 x
6 square shown above as a basis, larger and
larger squares can be composed of 2 x 3
rectangles:
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Since the area of a 2 x 3 rectangle is 6, the
area of 12 rectangles of this size is 72. This
is not a square number, SO a square cannot
be composed of 12 2 x 3 rectangles.
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do not have to ederkercbedede e bo s
L ¢ ’ L
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3. Tell the students that for the remainder of this activity all
rectangles used in composing a square are to have the same
orientation and the same dimensions. Then ask the students
to sketch two squares, one composed of 4 x 8 rectangles and
one composed of 4 x 10 rectangles. Discuss the relationship
between the dimensions of a square and those of the rectan-
gles used to compose it.

Comments

2. (Continued.) You may also want to dis-
cuss what is meant by a
square composed of 2 x
3 rectangles. Some
students may compose a
square border like the
one shown,

3. A square composed
of 4 x 8 rectangles.
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The length of the side of a square is a mul-
tiple of both dimensions of the rectangle
used to compose it. For example, the length
of the side of a square composed of 4 x 10
rectangles, all oriented the same way, is a
common multiple of 4 and 10. The length
of the side of the smallest square composed
of 4 x 10 rectangles is the least common
multiple of 4 and 10.

A 20 x 20 square is the smallest square that
can be composed of 4 x 10 rectangles:
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The lcm of 4 and 10 is 20.

3 Unit 11 - Activity 6

Math and the Mind's Eye



4. Ask the students to draw the smallest square that can be . 4. While the students are working at their
composed of rectangles with the following dimensions: seats, you may want o illustrate this Action
by drawing a sketch and writing a statement
for part (a) on the overhead:
(aA)4x6 (b)4x5 (c)6x9 (@5x15 6 —>t “
A BSRENN BEPSRY
B . PRBTNN BTPRTE
For each sketch, have the students write an appropriate state- Q PARSAR KSRRe
ment about the least common multiple of the dimensions of RARIRA AR ah DD
. T AT
the rectangle. Discuss the methods the students use. AR
SRR Rt
[

The lcmof 4 and 6 is 12.
(b) The smallest square composed of 4 x §
rectangles has side 20. Hence the Icm of 4
and § is 20.

(c) The smallest square has side 18, so the
Icmof 6 and 9 is 18.

(d) The Icm of 5 and 15 is 15:
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Some students may use trial and error
methods. Others may use their knowledge
of multiplication facts to find the least
common multiple of a rectangle’s dimen-
sions.

The size of the smallest square composed
of rectangles of a given size may not be
readily apparent. For example, it is not
immediately seen that 1560 is the side of
the smallest square composed of 260 x 312
rectangles.

For those who are interested, a process for
finding the size of the smallest square that
can be composed of rectangles of a given
size is developed in the next Actions. This
development begins with an investigation
of the relationship between tiling a rec-
tangle with a square (see Unit II, Activity 5,
Greatest Common Divisors) and composing
a square out of copies of the rectangle.
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5. (Optional) Distribute a supply of 3 x 5 rectangles to each  |. 5. A supply of 3 x 5 rectangles can be

student or group of students. Ask the students to build obtained by making copies on cardstock of
. . page 14 of this activity and cutting on the

squares composed of 3 x 5 rectangles. Discuss with the stu- heavy lines. The students can assist in

dents how they know that the figures constructed are cutting out the rectangles. There are enough

. . . rectangles on one page for two students or
squares. Then discuss with them a process for constructing a | o gr%,ups of smdllngts.

square out of copies of a tiled rectangle.
An array of 3 x 5 rectangles, 3 across and 5
down, contains 15 squares across and 15

down and hence is itself a square.

If a rectangle is tiled by a square, the tiling
provides information that can be used to
find a square composed of copies of the
rectangle. As shown below, if a tiling of a
rectangle contains 5 squares across and 3
down, then an array of these rectangles, 3
across and 5 down, is a square.

Page 15 of this activity is a master for a
transparency of this diagram. It can be
shown to the students to illustrate this
process for constructing a square out of 3 x
5 rectangles.

5 squares across

)
T

PR PSR
down fees

¢
l

3 squares \l/ el Rectangle T

3 rectangles across

:
AT PP r
Tt

L]
M +

4 4 ‘ :

T . T ]
¢ e : + ¢ ‘ 1 ¢ ¢ ¢ M
redectrcredpcdectoctecredpedectecrecreden
AR AR rR H IR
I ‘e g ‘3 s
cotecpedectoclocrechedecdectochedeadecton
T ' ‘. H
« .5 " P R P 2
v T 7
I « ¢ 3 1 PR i
: : H N :
L evreloctvvrechelecloctovivibeloctdoctorsnr
O i i ol
. ‘ M M
« 3 P P :
Aevivwpoedrodectocteeyed
M
¢
‘¢
M

e dantaannnfie

3
3
SRR TN
.
\
SRR RN
Naafan
[N TN

H
4
i
5 rectangles PO SR S-S PSR T RO SO S
PR ol 0 Vi)
P A R ¢ g L] ¢ g
down b eeredecteciockedondieon decvechedectdrctecens
7 ¢ i < i M ¥ ¢ ¢ g
P ¢ g « 2
4 Il 3 b L L - bl 'l - - 4
ot e T
¢ 4 o
R A R
..... beovocpodecdocldeocrecpedrcdecrcrtrecye
M 4 4 4 ‘ ‘ + ‘ o
H H H
M ‘ 4 < ‘. ] 4 ] ‘
' b b
cedecreepedecdecios veckedecdecrechedieden
LT T ST
¢ i “ L] ¢ & & 3 i L i
LR L r m— T  a—t
L T ‘ « 2 PR : 3
’ 3 4 ¢ 3
ceredectecrochedecleciocies fedlevtecdecres
; Ty 'l ¢ A
I R v oLl
b rvredoclavirvcfpodecdoctocrochelesdoctonrs
MR R ) L A TG il
) ¢ L L) I

5 unit !l - Activity 6 Math and the Mind's Eye



- v oo o [ o [ IO .
P v . [ a0 ) PR PR} Y )
o M T T S Voo oY g o v Y L L L T TP S S, B SN s
A 3 4 M 3 s . 4 . 4 4 . . N . . N . N * .
O 4 5 nn.v Gy % R D L DR R R N PO . PO V. - L] P PR T U
D . " AN RN \ * LRI ey
= @ b= 5 o . IR R R R vy oy IR HIR
T £ . O O e N O N T T e O T CTTITR O O AP
Y ]9 5 & AR A R R Rt A AR EARr AR bk b S hh AR Al SRR R MM R
& % - w vy oY e v s N s PO P T s N
o2 &8 » % L0 o :.....r../......::r: IR LR tah ShERRESOEEE DESEELELEE SELLECTEI R Rt BE e R R Tk b
= o Q0 S ES IR I Yoo v Vo NI R Yol o
7 e N , \g A » . \J » A} N J N " .
7] = o 3 S D O N R DR T T SR T RRl] CEPORLTIS T ST ST IRRSRRCELEE TSI DR
08 x o Ol geg R SR RN Yoy Yy TN N T Yoa Y
», *, L) A, ", L ",
= .5 MA = rnlv.., S o ..w .:;u;;_.r..:.,.,:/::1:..”::'1;;..:,./;; R R ah thd REREEATE ;lzfzu....../; AR O Rhb At RINCELLINE EETSELLISEY CER
b <t o \ . ) . . . " " ) v ) " . ) \ ) Y
Vo oL N . M IR o A M
“ g5 ...rarrrrr.rrroo ..o:oorrr.r.. N PN PUCTTPRLIPY PR QR A NP A N USRS X SN N T O N T A
@] w2 N A P PR MR AN We Sy WTEATEY P P )
- M . 1] Y LY [y . . L) [y . . [y . Y
. [-14] N . . . N N N . .
3 m m-ﬂ m < = = ..../oooooro...ro/..r;..rarrr...._..ro S B Lk ShE DR R SEETETEREE AL TR TSI EERTR TR PR N
. o . N [ ) . . PR PR M N N [
gar . . a v oo LY . .
> v A b8 A8 N N N .
o R -m L =] w m I |m .......ro/ooao..r;../r/;../....oooro;ro U OO POE SR PO - antte s
EHcEES8S TN I RN RN TR RN R
- \J A\ " .
s m m mc n.rv (=1 < o....rrr"rr/rroroooo/oon,o/o..arp B N R T R B R P L R B 2 LD eI 2o
280 2> 8=¢8 8§ R R TR "““.”“,,“ Ty
e (=} =) = - T N B N T R R . N B T e R Y A2
n = .n /] [ N N RN VY s v} o0 N .“ .u e u YT
> o z .~ 4 v NI . v s P . % M P
. A k A . . .
o= g .m QZ =8 T N o T R IS NI e
N . . ) v . . . N .
QO w5 ~Q O < Y R Yoo Vo Lo poa s Voo AR R
W 5 g~ g o.g5 1 =3 o../..:pprlr.rp/pp;:o:r p R S DR e L O A D Ty P TIE T R
m —= ] N P . o P N N v PR
[=% < O - [ = Py r ._ P 4 N L LI . LS. PO
= O - m v O % r.....rr/o..oooroofo/oo/rro IR Rt N e ST A ARRRNRIE CEETES ST nasasastadiaiiaqnanankan
ummm.lmhml.w T A v v S N R v A
:or:.r; o::f;f;:f: . B R R R BT R B D S A A S
S8 X oo = = = M RN ) N [ RN P von 8 RS N ST
N . [ M . B . P
—_ Py N N N L N A N . N
O | &) .@ © = p.@ m Q m z .:.:r:u.;/:;z;:a: fr RN 8 o} e ; U o .._ S~ o
~— = = |5 @] . P N . von NS .« . N
Vo e ) N oL . H . N N
. m o m ..m = mw 'm mw = 44/44:;:?;/4;4:43 I<lE 123 IR R R R 44144:avﬁ.r;/;a;?f;:oa_..ﬁzflzf Y R Y :.._:..414.444
n @ H “ o= = ©w . R oo v P Voot Vs Yy o
A\ A\ N
o../....a..or..o.roooolooorrr m Rrafannaniaan, or;r..o..r“/r..r..r“r.;..r;:;r..r...rrr“rrlr; RS EY CERETL RS SRR TART (LN
v ) 0 "
M N . . N N N N N . b ‘ - Al . A} . M . N M
r N [ Y [} P PO
r...."r../ooa..orrrffnrr/rra m afrrasssessciniaganan r:/;::r)r: ;:r:r/rr“rr R EE ARREETSTLIN A TERETE XIS
[ N S S N N v M N Vo8 VoL oy o
avaRaahe a::o:fif O N A T T I O L IS SN ARSI AARRRTISEAT TECTILEEET TSI LIRS e
y N NARS WEv ALy AR A A N M b v AR
N r . r .. [ " . . . %Y J~ .. M r M . “ “ PR “ . Y
I SRR S PP LAY NN PRI RV MO LIS N NAR IS RN NN (VA 0N TUC ORIV S I
his N N TIIEINY AARMRAN MARRA DA N : Wevasey AARAARY ey
.
PO ) P PO P ) P P Y . PO N
v s N N M N Yo
B R B B b ST T S D R St ARECEETER LS S
AT TSI IR P RN ATl M 3 P M) PR
A a v P e s Yy . M P a a8 .
Y - i - PR SN - - - - n - " a O .
. N [ ) . ._ N . ) . N .
@ .ot MY MM * L oo P S NI N
0 D RS hE CRETER LR A ;o;oooooo;;rf.ur..{.ra:: D R R R B R bk AR NRE DTETEY RN
o IR N N PRV AR RN DA DR R
A\ \J 4 Al . ‘ 4
Q rfrrrrasaadafaanaaas B e R S AR hh RS (EECTIEREE DR CEEEE] SE8
P oo y b P . 3 [ PR PR M
. \ . . .
AJ . M A\ M A b AJ . . ‘ 4 . M
I 28 AR AAR MRS PR £ 44“:;;...;4/,4: :u...._.f;/.rl o;z::u:v; 44/4;1:u4..:/f41:1: ,.A:;A,}‘: ;ulaufb,} PN
PN P P M . oo PO 4 PR M
N . . N P " . PO
- n_r.v4 ok s dea e :u,}n,a At SERRLLEER ,}1,.4..44“:4;r:..n;/:a..a;r::":;/.r:;aa 44“:4#.4/,4,. 44:44#4#} EEECEEITS L AL
. M . N . M L3 . ) N
(] . Lo P N PO NI oy oy Y . P N
N B T B R e e D e O T e NN
=) AR . N Y P IR W N o Y i
o NP v v L P Vo M Y oy
LR IR JhE AREEREIELEY EECTL LN sah e man vy c....rfn.}zi :o;;v;/._,} R R R R R R T s (RRNRE SRR T
. . . . 'Y . ) . . . . ) . . M .
. . . . Al
P S . P N N LI oot . . [ . P
oS R > [ARNN 0N J SR e x . L il e
. PMECEEE] [ . A NS PO NI L) PO \ PRI}
[ v s M vooa v L L vosoov ) T a %o} 4
evviaahe ) salansane - g - e - ) - - % - s ~u
. . r L3 N . v . “ N I " ) “ N \ " L3 “ N \ . 2 “ N . ) . “ N PR} “ “ N [
allia:rf N ;4.aa.r:":ch.}‘:aaau,.4../4/,,...1:::“::“:/..:1::;“: .::Va/ffno;;«:Vlhaazllzllflfo/f}o
. . . . ) . ] ) M
NI A T P T -
. . . ~ Al Al . » Al . . . . . - . - . bl Al . . A - . Al

4 squares °
down

7 rectangles
down

Math and the Mind's Eye

In general, if a rectangle is tiled by a square

and the tiling contains k squares across and
m squares down, then an array of these

rectangles, m rectangles across and k

rectangles down, is a square.

6 Unit Il + Activity 6



6. (Optional) Show the students a transparency of page 15 of
this Activity. Then show them a transparency of page 16.
Tell them that this sketch is similar to the first, except the
tiling of the rectangle has been removed. Ask the students to
suggest how the rectangle was tiled. Repeat, using a trans-
parency of page 17.

Comments

. 6. This Action is the converse of Action 5.
In Action 5, one begins with a square tiling
of a rectangle and, using information
provided by the tiling, constructs an array
of these rectangles that forms a square. In
this Action, one starts with an array of
rectangles that forms a square and, using
information about the array, obtains a
square tiling of one of these rectangles.

Dividing the horizontal side of each copy of
Rectangle A into 3 equal parts and the
vertical sides into 4 equal parts, as shown
on the left below, divides both sides of the
square into 12 equal parts. Hence the
horizontal and vertical divisions are equal
and lead to a tiling of Rectangle A which
has 4 squares across and 3 down.

12 equal paris

>

12 equal

Rectangle A tiled

parts

by a square.

A square composed of
copies of rectangle A.

A square tiling of Rectangle B is obtained
by dividing its length into 5 equal parts and
its width in two:

Rectangle B

7 Unit 1l -+ Activity 6
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7. (Optional) Summarize the results of Actions 5 and 6, _ 7. Each tiling of a rectangle by a square
emphasizing the relationship between the largest square i:dt:ntgol: square composed of copies of the

which tiles a rectangle and the smallest square composed of

copies of the rectangle.
This tiling —————> leads to this square

4 squares
5 squares
5 rec-
tangles
\
~
7
4 rectangles
Conversely, each square composed of
copies of arectangle leads to a tiling of the
rectangle by a square:
This square ———> leads to this tiling
3 squares\l/
6 squares
6 rec-
tangles
V
~
=
3 rectangles
Continued next page.

8 unit 1l - Activity 6 Math and the Mind's Eye



. 1. (Continued). Note that the fewer the
number of squares in a tiling of a rectangle,
the fewer the number of copies of the
rectangle in the corresponding square. For
example, as shown in the sketches below, a
titing of a rectangle that contains 4 squares
down and 6 squares across leads to a square
array that contains 24 rectangles, while a
tiling of the same rectangle that has 2
squares down and 3 across leads to an array
of 6 rectangles.

6 squares 4 rectangles
N
P
4 squares \l/
6 rec-
tangles
V
3 squares 2 rectangles
2 squares \l/
3 rec-
tangles

Thus, the larger the square that tiles a rec-
tangle, the smaller the corresponding
square composed of copies of the rectangle.
Consequently, the largest square that tiles a
rectangle corresponds to the smallest square
composed of copies of that rectangle.

9 Unit Il - Activity 6
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8. (Optional) Ask the students to use the information ob- . 8. (a) Using methods developed in Unit II,
tained in Action 7 to find the least common multiples of the | Activity 5, Greatest Common Divisors, one
. . finds that a 7 x 7 square is the largest
followmg pairs of numbers: square that tiles a 21 x 35 rectangle. This
tiling corresponds to the smallest square
composed of 21 x 35 rectangles. The length
of the side of this square is the Icm of 21
and 35. As seen in the illustration, this

(a) 21 and 35 (b) 15 and 27 (c) 18 and 42

length is 105.
5 squares 3 rectangles
3 squares\l/ 52|1 35 =
> 7 N
21 x 35 rectangle tiled
with 7 x 7 squares.
5 rec-
tangles
V

Smallest square composed of 21 x
35 rectangles. The lcm of 21 and
35 = length of side of square =
5x21=3x35=105.

(b) A 3 x 3 square is the largest square that
tiles a 15 x 27 rectangle. The length of the
side of the corresponding square is 105.

9 squares 5 rectangles

V

27

5 squares

>3 !

15 x 27 rectangle tiled
with 3 x 3 squares.

9 rec- T -
tangles \}/ !

Thelecmof15and27=5x27=9x15=135

Continued next page.
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7 squares ~
-~
3 squares
>6
7 rec-
A 6 x 6 square is the tangles

largest square that tiles a
18 x 42 rectangle.

9. (Optional) Develop the relationship between the least
common multiple and the greatest common divisor of two
numbers. Have the students use this relationship to find the
least common multiple of the following pairs of numbers:
(a) 87 and 111

(b) 134and 185  (c) 390 and 465

8. (Continued.)
(c) The Icm of 18 and 42 is 126:

3 rectangles

~N
~
e1¢8—42—el
J - -
1 1 I---
Vi i H
Thelcmof 18 and42=3x42=7x18
=126

9. A useful relationship between the ged
and Icm of two numbers can be obtained
from the following observation concerning
areas.

Shown below is a rectangle that has been

tiled by a square and the corresponding

square composed of copies of the rectangle.

Let A be the area of the rectangle, let s be
the length of the

side of a square in
the tiling and let t be

the side of the
square array of

Area A

rectangles. One of
the rectangles of
area A can be

dissected and
rearranged to form a
rectangle whose

dimensions are s
and t as shown. The

product of its di-
mensions is its area.
Hencesxt=A.

Continued next

N\

~I
g page.

Area A

A=sxt

11 unitil - Activity &
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Comments

9. (Continued.) Suppose that the original
rectangle has dimensions a and b so that its
area A is a x b. Suppose also that it has
been tiled by the largest possible square.
Then the corresponding square composed
of these rectangles is the smallest possible.
In this case, s is the gcd of aand b and t is
the Icm of a and b and the equation sx t=
A becomes:

(gcdof aand b) x lcmofaandb) =axb.

Thus, the product of the gcd and lcm of two
numbers is the same as the product of the
numbers.

If two numbers are given, their gcd can be
found by one of the methods developed in
Unit I, Activity 5, Greatest Common
Divisors. Then their Icm can be found using
the above relationship.

For example, the gcd of 124 and 440 is the
same as the ged of the following pairs (see
the last Action of Unit II, Activity 5,
Greatest Common Divisors):

124, 440
124,316
124, 192
124, 68
56,68
56, 12
44,12
32,12
20, 12
8,12
8,4

4,4

Hence the gcd of 124 and 440 is 4. Thus, 4
X (Icm of 124 and 440) = 124 x 440 and,
hence, Icm of 124 and 440 = (124 x 440) +
4 =13,640.

(@ lcmof 87and 111 =(87x 111) +3 =
3219

() Icm of 134 and 185= (134 x 185) + 1=
24,790

(c) em of 390 and 465 = (390 x 465) + 15
= 12,090. :

12 Unit il - Activity 6

Math and the Mind's Eye



\
reqrre

.
.

DR S X RN
Iy

Iy
[y

AT
) . o
ARRNRAREREIERENERS

aaalaa
)

13

M B
enaganatan
Y .

v

[
PSS TN
M )

A
Q)

-,

"W
.
s

.
Naagsas
N

N

\
)
a,
)
)

.
3

.

Ny
v

.

.
.

.
.

waananan

v
v

3
e

.
.

3

Nsaanaah
N [y

[y
)

3

s
[y

*
Canann
L) N

.
[y

LaaNan
N v

1
[y

.
Nraekan
N

Y

3
RN

.
.

LR TR
s

.
.

e
IS

.

S
[y

.
3

A 6 x 8 Rectangle

4
H
Leve
A
:
4
.ee
.
;
bs
v
4
PErr]
;
:
:
fas
:
:

¢
v
v
v
v
Ao
]
?
’
?
?
tscspos
’
’
Aasa
v
¢
2

lrcrdeer

’
’
’
7o
’
+
¢
’
’
YR
’
’

¢
n
vevtrovpon

’
:
’

¢
¢
‘

o
¢
¢

‘
¢

crdosn
¢
v
¢
M
¢

Aoan
¢
¢

=t
’
’

aaalanaiaan
v

cerlercree
.

porepae

’ ’

’ ¢

’JJJ.I'JJ“J‘J
¢

’,
7
»
’
e
’
’
’
[
’
I3

-~
\

.
.
Ssusyaasaahas
N v
. N .

o dros
aagnaa
’

*

. N v ) ]

N A M . s
e

N ) N I )

N A N . s

) ) 2 h
Tegt aacashaagT LY

N . . N .

. N N s N
Syshaaass v e sy el s a e o
Pl N A N
. \ Iy ) )

. [y . M 5
N ) 5,
v ll./lll.rlllafll./ll

M .
M A N N .
v N \ 3
v
argesalanqgranganatan
) N Iy s
M s N s A
Nanasaabaaaianans
X 1 Yy ~
Yot
.

e

.
\ N N

A

) Al
Aeakanansaneaahas

D D

.

LY ) 3

v
Lo :
;;;Tp;):r:q:;;;;;;;;
N . N .

M . . s
anaMcaqrrakasahanqen
v . ) N
N s . M s
N s N N [
sasaaadanasansaasias

[ . \
M . N M .

3 M w \ 2
D LT LN
M 1 N N .

3 “ I . “
.-.-.-u.in./ildﬂ444‘fll.144
. N N ) ]

9 * . . b
hansnsataaguangnanian
Y * N \ b
[y N M By s
N 3 e d .
N b
N 3 N N 2
. M . 3

. M 3
B N TN
. \ M 3
. : . N
sartaaahasyrashaaaias
N . N N .
1Y .
. ¥ 3
. .
angrsatanalhacaanatas
N . N )
. M N
N A ‘ »
P R N LR R E R R R LR
N . N N
\
3 . N A
A LT CR R P P
s \ M
: . M \
N N 3 . .
analcaqeaabkanaihan
R AR . 5

.
. » . [y
J

. N . »
N . N . \
raavastaaalasgaassas
. M . .

)

.Y )
N .

-

M

<

Sa

)

¢

*

¢

¢
Prvcrpee

¢

¢

¢
¢
)
v
’
+
’
’

Areee

A e
’

’

]
‘
‘
¢
¢
AT
¢
¢

?
¢
v
v
’

roodpes

»
»

sodassdovs
¢
*

’
v
¢
vresa
’
’
¢
crelren
¢
¢
devepreeponc

’
»
»

cedenaband]
Y
Yoo
N

S O R RN
. . kN
Voo

v ts

recpee
4
¢
Frve
¢
7
’

s
e BT TS
. Y .

N .
.

rrdpas
,
+

N . v .
. y w N
L R ST
N . N N .
.
e N .
\ N N
. . s
seeksaquricyiashaaqens
“ . b . .
. N N v
3 \ x
saavaadaadianaanadae
.
M . N N »
N 3
. N [y
R ek St Ak
N . “ IS .
[y
\ N N N
B e T L T TS S,
s v
N .
s . N
R R N
. N Ny
.
\ N . N
P R Y
N .
N .
[y

\

A

-

rnp st
»
’
.
»
»
»
e
’
’

-

v s N . "
. 3 N N a
P T TR PN
. N v
v a . 2
v s Y [y s
asaasalaagraainaatas
. M I Y s
N M I ‘ b
. 3 s M
R e R LR
. : . . b
. oL s :
5
v ahre vt svalN s a e
Pl M v
N . N N s
. N v v M
P A P R N
N \ . M D
N Y M M s
. N N 3 N
cegasabaicgannganaian
. N . v N
S S S
raahasaasabaashaanaas
.
. s N . .
. . N . A

.

. N By 2
B D S R T
. N M . )

» N M Y “
:..J.f....h;:...w..f..ur;:zfr..
. N . [y N
. [ N N .
e aaNaanarasssaalaa
. y N N )

v \ . N s
N . N M s
assavadarmrassaasian
M [y N N "

M \ N N .

3
.
.
)

S N “ > 2
Lamnangraaiha
qrrtasasahaaqnneyen
N
. N Y v .
A shaa s s aaaahan e
. N Y
. N M 3 M
M a N . s
cetssataagresanashan
. N . D)
.
. s
5

Iy n
. » N
anaaaalanian
. M N
. N N
3 N N
[T NS,
. N .
. N M
r s N
NansasAaaal s et
. M [y s
N N N N 2
;..J.f....h;fnq:;pu:;:.;r:f
. N N . b
. N . . N
seraraNvynssasavalae
. N N + )
. N N » 1
. s s b
R e N
. N N s N
. N v > N
F N L P
0 Ny v
N s N . s
. N " v s

3 3
N . N .

3 N >
R N L L T
N . N .
M . » .

A ) 2
i SR ARSI
N . N N N

3 > . s :
sedvasansadaadescnas

N N N .

‘ M N .
R R L LR R P
) . B
M .

) M . A
P N L L R
. . . N

\

N . N .
. .
) 2
B D
v .
I A
IS "
. 3
haadsaAvsasaaadaaaaas
. s s
. N .
\ N )

. .

v

¢

¢

P

¢

’

¢

¢
Pssspes

¢

.

sl

Ao s

’

’

’

¢

devesre

2
’
¢
e
’
’
’
’
’
’
’
’
P
’
’
(3
’
’

frvecden

¢
¢
«
¢
¢
‘
‘
¢
N

¢
¢

]

¢

:

: H

: M
P2 F
7 g
‘. .

: .

.

H

PRV
¢
?

P Y
Pevercerper
’

2

‘

L3

e

L4

G nstas

;

:

:

H

W ’
evcheedecciveioeriran

[

:

?
s lesrpsss

’
¢
’
’
’
’
’
’

o drrrdass
’
’

ccerredmer
s tarspnas

’
’

— ..
......pprrfp..lp:‘o‘..p
A N .
\ N .
M [y
Sashasasasdasgnaaans
. N D
) N N s
Y N s
. 3
Lesbasgtrasanalaagans
N . N N .
N . “ N .
P R A ]
PAAANRAA SRR RREH

cerperdpre
»
»

.

. 3 .

. N N .

e R R o
.

A Square Composed of 6 x 8 Rectangles
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Cut on Heavy Lines
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5 squares across

\

3 squares
across

\

Rectangle T

3 rectangles across

\%

5 rec-
tangles
down

\4

A Square Composed of Copies of Rectangle T
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Rectangle A
A Square Composed of Copies of Rectangle A
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6 is the greatest common divisor of 6 and 24.
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A 6 x 8 Rectangle
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A Square Composed of 6 x 8 Rectangles
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Cut on Heavy Lines

Math and the Mind's Eye Unit Il - Activity 6 « Action 5 © Copyright 1989, The Math Learning Center



5 squares across

~

-
3 squares
across

Rectangle T

3 rectangles across

5 rec-
tangles
down

A Square Composed of Copies of Rectangle T
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Rectangle A

A Square Composed of Copies of Rectangle A
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Rectangle B

A Square Composed of Copies of Rectangle B
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